Power Spectra from Symbol Sequences an
I-Machine Spectral ReconstructionTheory

Readingdr this lecture:

BTFM1 and BTFM2 articles iIn CMR and Lecture Notes
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Power Spectra of Disate Series

SN = 50,51,---58n,--+,SN! 1 sn ! {0,1}

Debne theDiscrete Fourier Tansformas:

N1

1 - | 21 5
F(Sy) = S(f) = ﬁ e #imlig

m=0

The Power Spectruns defined as:

P(f) = IS(F)I°

Note: For purposes of computatiopet@g assign theumerical value @10 to
symbolOland the mmerical valu®-10 to symkadthis choice is not unique
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The Cormrelation Function

Let®substitute the exprssion ér the Fourier Transbrm into the for Power Spectrum:

NI'1IN!1

1 | 21§ l m'
P(f):ﬁz Z e 2! if (m! m)SmSm!

m=0 m!'=0

Nowlet N =m’! m

2I‘}I!1N!n!1

P(f)=1+ N coqd27Nnf )Sm/Sm/4n

n=1 m’=0

Debnetwo-point corelation functionas
Njin!l

Sm’Sm’+n
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2 M1
P(f)=1+ & (N —n)C(n)cos(2mf )

n=1

This expession elating the pwer spectrum and the caelation function suggests that the latter can
found from Fourier anaysis of the drmer,i.e.,

C(n) = 179(1‘ Ycos(2 nf ) d
0

This Is a rather generaésult.

It is more convenient to work with the correlation functions in a sliggttifierent form:

(n) = SICn) + 1

g(n)is the probability that two symbols at distance n are identical.
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A Classibcation Schenm fPower Spectra

Power Spectra can classibPed aatiog to their scaling beksor with the length of the sequence

l. Pure Point P(f ) ~ N 2

Il. Continuous P(f) N

iii. Singular Continous P(f)! N” 1<

This scheme is rather basand cetainly doesri@xhaust all the possibilitieBor instance
the power spectrum could scale BkdNlogN.
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Examples of ®wer Spectratynbiased Coifdoss

For a completey random sequeng®oth the correlation function and the pger spectrum ae
featureless.

p(1)=1/2
p(0) = 172

Lecture 17: Natural Computation & Self-Organization, Physics 250 (W inter 2007); Jim Crutchbeld & Dowman V arn



Examples of ®wer SpectraPeriod 1
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Examples of ®wer SpectraPeriod 2
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Examples of ®ver SpectraGolden Mean

| | | 3 | |

p(1) = 1/2

p(0) =1/2
p(l)=1
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Examples of ®ver SpectraEven System

2

p(0) =172
A p(1)=1/2 e
p(l) =1
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Examples of ®ver SpectraMorse-Thue

We hae the maping{0,1} {01,10}
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Review

¥Power spectra ae naturaly related to a two-point correlation function of the  original
sequenceg(WenerKninchin theoem)

¥Thus,power spectra ae insensitig to higherorder correlations.

¥This is because the Pnding the magnitude of the&ier Transbrm throws avay phase
Information.

¥Power Spectra can be classiPadtheir scaling belvéor with the sequence size

¥They come in thee typespure point,continuoussingular continousA spectrum mg have
combinations of these tlee.

¥l ooking at the pwer spectrum can tell mch about the statistics of the sequence

Question:

Is it possible to irdr the statistics of the sequenceon knowledge of the pwer spectrum alone?
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e-Machine Spectral Reconstruction Theory

In the standaat gpproach to pattern disceery of a sequeng®ne Pnds the quency of all
subsequences @vds) of length r and builds a parse#& Histories with equivalent futas ae
merged to brm the causal stateSincewe can bPnd the tw point cormrelation function fom
the power spectraperhgs we can elate these to estimate sequenceopabilitiesand thus

build a parse &e as normal.

This is what$-machine spectralaconstruction §MSR) does.

We begin § noting that thee are constraints among the sequencebpabillities:

Pr(u) = Pr(0u) 4+ Pr(1u) = Pr(u0) 4+ Pr(ul)

Additionall, we require that sum of the pobability of Pnding sequences of agilength be
unity (normalization):

Pr(!) = 1
|1 ATHL

Lecture 17: Natural Computation & Self-Organization, Physics 250 (W inter 2007); Jim Crutchbeld & Dowman V arn



Final, we relate corelation functions to sequence @oabilities.

g(n) = Pr(s!"s)
s=0,1!"

for n > 1,and whee %" is the subset of all sequences of length n-1.

For mary spectrathe correlation functions pproach an asymptotic valugend this canelated to the

probability of bnding a 1 or O in the sequenge b

g = (Pr(0)+ (Pr(1))°

We refer to these equations aSpectral Equationst a given T.
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The r=1 Equations:

Pr(0) = Pr(00) + Pr(10) = Pr(01) + Pr(00)

Pr(11) + Pr(10) + Pr(01) + Pr(00) = 1

g(1) = Pr(11) + Pr(00)

¢ = (Pr(00)+ Pr(01))* + (Pr(10) + Pr(11))“

We have four equations and four unknowns. We can solve!
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The r=2 Equations:

Pr(001)! Pr(100)= O Pr(011)! Pr(110)= O
Pr(001)+ Pr(101)! Pr(011)! Pr(010) = Q
Pr(111)+ Pr(101)+ Pr(011)+ Pr(001)+ Pr(110)+ Pr(100)+ Pr(010)+ Pr(000) = 1

g(1) = Pr(111)+ Pr(110)+ Pr(000)+ Pr(001)

q(2) = Pr(111) + Pr(101) + Pr(000) + Pr(010)

—  (Pr(000) + Pr(001) 4+ Pr(010) + Pr(011))
(Pr(100) 4+ Pr(101) + Pr(110) + Pr(111

Eight unknavns,only sevenequations!
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Where can ve get an aditional constraint?

Let’s use correlation function (3) write this in terms of sequences of length three.

q(3) = Pr(1111)+ Pr(1101)+ Pr(1011)+ Pr(1001)+ Pr(0110)+ Pr(0010)+ Pr(0100)+ Pr(0000

Pré(111) , Pr(110)Pr(101) |
Pr(111)+ Pr(110) Pr(100)+ p(101)
Pr(101)Pr(011) _ Pr(100)Pr(001)
Pr(010)+ Pr(011) Pr(000)+ Pr(001)

q(3) =

Pr2(000) , Pr(001)Pr(010)
Pr(000)+ Pr(001) Pr(010)+ Pr(011)
Pr(010)Pr(100) N Pr(011)Pr(110)
Pr(100)+ Pr(101) Pr(111)+ Pr(110)

Where we have used relations of the form

PI‘(SoS]_Sz) Pl“(81$253)
Pr(s1520) + Pr(s1S;1)

Pr(S0S152S3) = Pr(spS1S2) Pr(s3|sps1S2) ! Pr(sps1S2) Pr(sz|s1S2) =
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We refer to this latter goproximation asmemory lengthaduction.

Since v hae gplied memoy length eductionthis efectively limits the the kinds of
processes w can Pnd to those of block Markian of length.mhat iswe can label all possible
states ly their length r histories.

We can then write out theébMSR algrithm as bllows:

¥Find the Corelation Functions &ém the Power Spectrum.

¥Write out and sole the Spectral Equations arat equences of a gin .

¥We label candidate Stateyg their length r histories.

¥We estimate the transition mbabilities betwen states fsm the sequence
probabilities.

¥We merge States with equivalent fuigrto orm Causal State§his gies us a
candidateb-machine

¥We generate carelation functions and the peer spectrum fom the candidaté-
machine

¥We compae with this with the original caelation functions and peer spectrum.
¥If there is insufbcient agementwe increment r and epeat the last six steps.
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Limitations to e-Machine Spectral
Reconstruction Theory

As r increasesye are forces to @ to correlation functions of higher and higher n to obtain a compl
set of equationd:his puts a limitation on he large r can be
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Examples Worked 1n Class
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