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Previously we detailed a novel algorithmmachine spectral reconstruction the-
ory (eMSR), that infers pattern and disorder in planar-faultéuke-packed struc-
tures directly from X-ray diffraction spectra [Varn, Cagiit & Crutchfield, sub-
mitted toActa Crystallographica A Here we appl\eMSR to simulated diffrac-
tion spectra from five close-packed crystals. We find thastacking structures
with a memory length of three or les$/ISR reproduces the statistics of the stack-
ing structure; the result being in the form of a directed brealled an--machine.
For stacking structures with a memory length larger thaaefMSR returns a
model that captures many important features of the origiteatking structure.
These include multiple stacking faults and multiple cri/staictures. Further, we
find thateMSR is able to discover stacking structure in even highlyisred
crystals. In order to address issues concerning the lorgerarder observed in
many classes of layered materials, we define several leagémeters calculable

from thee-machine, and discuss their relevance.
(© 2006 International Union of Crystallography
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1. Introduction multiple crystalline stacking sequences commonly obskrve
for two of the most polytypic materials, ZnS and SiC, there ar
185 and 150 known periodic stacking structures respewgtivel
Some of these crystalline structures have unit cells extegnd
over 100 MLs (Sebastian & Krishna, 1994). This is in con-
trast to the calculated inter-ML interaction range~ofl ML

While crystallography has historically focused on the elear
terization of materials whose constituent parts are aedrig
an orderly fashion, researchers have become increasimgly i
ested in materials that display varying amounts of disqes-
eral examples being glasses, aerogels (Erenbugj., 2005) iyt
and amorphous metal oxides (Bataromtal, 2004). A broad " ZnS (Engel & Needs, 1990) and 3 MLs in SiC (Cheng
range of layered materials callpdlytypesalso show consider- €t @, 1987; Chenget al, 1988; Shaw & Heine, 1990; Cheng
able disorder and have been the subject of numerous theorefit @l- 1990). An important ancillary question is whether the
cal and experimental investigations (Jagodzinski, 1949ma  disorderedpolytypes so commonly observed in annealed and
& Krisha, 1966; Pandey & Krishna, 1982; Trigunayat, 1991:8S-grown crystals also possess coordination in the stgakin
Sebastian & Krishna, 1994). Polytypism is the phenomenoYILS Over such along range.
where a solid is built up by the stacking of identical layers, Significant simplifications in the analysis of X-ray difftém
called modular layers(MLs) (Varn & Canright, 2001). Each spectra occur if the disorder in the crystal is restrictedre
ML is itself crystalline and the only possible disorder came dimension and the constituent parts can assume only diéscret
from how adjacent MLs are stacked. Typically energetic conjpositions. This is just the case that arises in the analygislg-
siderations restrict the number of ways two MLs can be sthcketypes. While the general problem of inverting diffractiqrestra
to a usually small set of relative orientations. Thus thecspe to obtain structure remains unsolved, this more restriotest
ification of a disordered polytype reduces to giving the onedimensional case has been much more amenable to theoretical
dimensional list of the sequence of MLs called ttacking analysis. We recently introduced a novel inference algorjt-
sequence machine spectral reconstruction theotMEGR or “emissary”),
Polytypes have attracted so much interest in part due to thiat does solve the problem of inferring planar disordemfro
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1 We note that there are no inherent obstacles to appBNf§R to materials with more complicated MLs or stacking ri@sndley, 1980; Thompson, 1981; Varn
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diffraction spectra for the special case of close-packastst kind of analysis also allows us to identify possible diffies
tures (CPSs) (Varet al, 2002; Varnet al., 2005).! Although  that may arise when applyin$/ISR.
we do not find the particular stacking sequence that gerterate Our development is organized as follows:§# we provide
the experimental diffraction spectrum, we do find a uniqtee, s numerical details about the techniques we use to analyze the
tistical expression for an ensemble of stacking sequermes e simulated diffraction spectra; i we present our analysis of
of which could have produced the observed diffraction specfive simulated diffraction spectra usirylSR and contrast our
trum. This statistical description comes in the compaatfof  results to those of the FM; i we define several characteris-
an e-machine(Crutchfield & Young, 1989; Shalizi & Crutch- tic lengths calculable from a knowledge of thenachine and
field, 2001). consider their implications for the long range order so ubiq
We claim in a companion paper (Vaet al, 2005) that  tous in polytypes; and if8 we give our conclusions and direc-
eMSR has significant advantages over competing inferencions for future work. In a companion paper we apgiySR to
algorithms, particularly the fault model (FM)These advan- diffraction spectra obtained from single crystal X-rayfiit-
tages include the following: (ifMSR does not assume any tion experiments (Varet al, 2009).
underlying crystal structure, nor does it require one totypos 2. Methods

latea priori any particular candidate faulting structures. That IS\ ve use the same notational conventions and definitions-intro

there need not b? any .parent cryst_e_l | structure into whashes duced elsewhere (Varet al, 200%). We examine five proto-
preselected faulting is introduced. (i) ConsequertySR can : X
type processes in detail. Some of these processes areeskelect

gi?]gzld\c/gga(i;m g:g'i‘:éeacggt;! toér)fg?;tl :::Sgiﬁ:gmi)t (Canbecause they illustrate a particular featureMSR while oth-
detect and quantify stacking structure in samples with eveﬁ s have a more physical motivatiare. they may represent

highly disordered stacking sequences. @SR uses all of real stacking structurgs in known polytypes. In Example &, w
. : . ) . reconstruct ar-machine for a known memory length = 3
the information available from the diffraction spectrunottp . . ,
: . . L process and show that the technique works in this case and,
Bragg and diffuse scattering. (ISR results in a minimal and

unique description of the stacking structure in the form rof a indeed, for any process that has < 3. Example A also
e-machine. From knowledge of themachine, insight into the nicely demonstrates how multiple crystal and fault streesu

. . . . . can be simultaneously accommodated on the samachine.
spacial organization of the stacking structure is possiig y

o . Examples B and E are selected because they may be similar
Parameters of physical interest, such as entropy densitgdi : : .
. . to stacking structures in known polytypes. We also wish $b te
onality and memory length, are directly calculable from ¢he

machine the effectiveness ofMSR on structures that require a mem-

' ory length longer tham, = 3. Example B needg = 4 and

Our purpose here is four-fold: (i) We wish to validate the examples D and E represent processes whose statistics tan no

above assertions concerning the efficacyMSR by demon- e fylly captured by any finite range process. This allows us
strating its application to the discovery of pattern anadier  testeMSR on stacking structures we known that it can not com-
in layered materials from their X-ray diffraction spectfid.As  pjetely detect and thus we can develop an intuition into theik
developed in (Varret al, 200%), eMSR can reconstruct pro- of error one might expect. In order to illustrate the appi@aof
cesses up to'"Border Markovian. We wish to test the robust- he equivalence relation, equation (11) of (Vatral., 2005),
ness ofeMSR by analyzing diffraction spectra from stacking tg minimize the reconstructedmachine (step 3c of Table 1
sequences not describable d&&der Markovian. While we i, (Varnet al, 2005)), we treat a process with = 1 in Exam-
expect thaeMSR will not recover the precise statistics of the pje . This shows that had we not terminated reconstruction
original stacking sequence for these complicated staghing 4t = 1, the equivalence relation would require the merging
cesses, we wish to understand how much it deviates in thesst equivalent histories that would effectively find the= 1 e-

cases. (iii) We wish to address the issue of long range ordepachine. Additionally, for each example we give a strudtura
in disordered polytypes. Thus we also define length parasetejnterpretation of the-machine.

calculable from the-machine and discuss their implication for  Fqr each example we begin with a stacking structure as
finding long range order in polytypes. (iv) Lastly, we wish t0 gescribed by ar-machine. We generate a sample sequence
demonstrate how the architecture of thmachine provides an frgm the e-machine of length 400 000 in the Hagg notation.
intuitive and quantitative understanding into the spamighni-  \\e map this spin sequence into a stacking orientation seguen
zation of layered CPSs. in the ABC notation. We directly scan this latter sequence to
These goals are convincingly realized by analyzing diffrac find the two-layercorrelation functions(CFs): Q¢(n), Qa(n)
tion spectra derived from simulated stacking sequencesevheandQs(n) (Yi & Canright, 1996). For the disordered stacking
there are no issues concerning experimental error. We #e absequences we treat here, the CFs typically decay to an asymp-
to compare the-machine reconstructed from spectral data withtotic value of 1/3 for largen. We set the CFs to 1/3 when
thee-machine that describes the original stacking structur@, a they reach~ 1% of this value, which usually occurs far~
thus we can explore how effectivetSR captures the statis- 25— 100. We could, of course, find the CFs directly from spin-
tics of these complicated stacking structures. Additipnglis  sequence probabilities, via equation (9) of (Vatral, 2005%).

& Canright, 2001). However the case of CPSs is by no meansatadsince several important polytypes, such as SiC and @aeSlescribable as CPSs.
2 We discuss the FM in detail in (Varet al,, 200%).
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However, if one needed to calculate CFs for, say; 50, this  3.1. Example A
would require flndlng the Sequence. pl’obabilities for segasn We begin with the Samp|e process gi\/en in m 1. This pro-
of length 50. There are®2 ~ 10'° spin sequences for= 50,  cess can approximately be decomposed into FM structural com

so the sum implied by equation (9) of (Vaet al, 200%) is  ponents using equation (24) of (Vaet al, 200%) in the fol-
difficult to perform in practice. As an alternative, one ches  |owing way:

representation and rewrites thenachine in terms of the abso-

lute stacking position&BC. From this new representation the 2H 54%
CFs are calculable from theansition matricesequations (12) 3Ct 24%
and (13) of (Varret al, 200%). This has not been done here Deformation fault  16%
however. Additionally, it is possible to derive analytiexipres- Growth fault 6%

sions for the CFs in some cases (Varn, 2001).

We then calculate theorrected diffracted intensity per ML Where the “+” on 3C indicates that only the positive chisalit
I(1) (Varn et al, 200%), along the 10 row in increments of (...1111..) structure is present. The faulting is given with ref-

Al = 0.001 using equations (1) and (2) of (Vaghal, 200%)  €rence to the 2H crystdlThe diffraction spectrum from this

with a stacking sequence of 10 000 MLs. Throughout we refePTC€ss is shown in Figl 2. The experienced crystallographe
to the corrected diffracted intensity per MI(|), as simply the has little difficulty guessing the underlying crystal sture: the

diffraction spectrum. We now now take this simulated diffra P€aks al ~ 0.50 and ail ~ 1.00 are indicative of the 2H
tion spectrum as our “experimental” diffraction spectrum. structure; while the peak &t~ 0.33 is characteristic of the 3C
We applyeMSR (Table 1 of (Varret al, 200%)) to each  Structure.

experimental diffraction spectrum. Since these are sitadla 1 he faulting structure is less clear, however. Itis knowat th
diffraction spectra, we find that the figures-of-mefitand 3, various kinds of faults produce different effects on thedgra

are equal to their theoretical values within numericaleorer ~ P€aks (Sebastian & Krishna, 1994). For instance, both growt
all unit | intervals. Therefore, we do not reportand 3, and and deformation faults broaden th.e peaks m_the diffraction
instead performMSR over the interval 0< | < 1. Fur- spectrum of the 2H.structure, the dlffere_nce being that trow
ther, again since these are simulated spectra and hencadavefaults broaden the integérpeaks three times more than the
error, we are not able to set an acceptable threshold Erior ~ Nalf-integert peaks, while peaks broadened due to deforma-
advance. Instead, each example, except for Example C, minkion faulting are about equal. The full-width at half maximu
mally requires the = 3 solutions. Thus we solve thepectral  (FWHM) for the peaks are.028, 0034, and (D49 forl ~ 0.33,
equationsatr = 3 (Appendix A.3 of (Varret al, 200%)) via O.5,_and 1, respectlyely. This gives then aratio qf abodtfar

a Monte Carlo technique (Varn, 2001) to find sequences probdP€ integert to half-integert broadening, suggesting (perhaps)
bilities of length-4. We take the = 3 e-machine given in Fig. that d_efqrmatlon fr_alyltlng is prominent. Ope expects thereat

1 of (Varnet al, 200%) as our default or candidatemachine.  N° shift in the position of the peaks for either growth or defo

All casual stateCSs) and allowed transitions between CSsmMation faulting; which is clearly not the case here. In féug,
are initially assumed present. From the sequence probesili two peaks associated with the 2H structure=t0.50 and 1.00

we estimate the transition matfiCérS{gsi)_,gj, for making a tran- are shifted byAl ~ 0.006 and 0.009, respectively. This analysis

sition from a candidate CS; to a candidate CS; on seeing a is, of course, only justified for one parent crystal in theralle

spins. We apply the equivalence relation, equation (11) of (Vamstructure, nonetheless if we neglect the peak shifts, thelsi

et al, 200%), to generate a final set of CSs. We refer to themtuit_ive analysis appears to give 909d qualitative r re.
resultinge-machine as the reconstructed or “theoretica# 3 With the 3C p_eak, bOth_ deformatlo_n and growth faults pro-
e-machine for the spectrum. In the event that the recongtuct duce a broadening, the difference being that the broadesing

e-machine assigns to a CS an asymptotic state probability symmetrical for Fh_e growth faults. Ong also expects tha:r_e t
less than 1, we take that CS to be nonexistent. bg some peak shifting for the deformation faulting. Thera is

To find the predicted CFs for eaefmachine, we again take a shght shift @I ~ 0.002) for thel = 0.33 peak_ and the broad-
sample spin sequence generated bythechine of length 400 ening seems _(arguab_ly) symmetric, So one Is tempted to guess
000 and find the CFs by directly scanning the resulting stacki that deformation faulting is Important here. md%d’ m"s‘?'
sequence. The diffraction spectrum along the 1@ is again ~ State Cycle(CSC) [57868585]* is consistent with deformation

calculated from equations (1) and (2) of (Vazhal, 200%) faulting in the 3C crystal. Heuristic arguments, while nag-j

using a sample of 10 000 MLs and we compare this with thélfled here, seem to give qualitative agreement with the know

diffraction spectrum for the original process. structure. . .
We also calculate the information-theoretic quantities The e-machine description does better. The reconstrueted

described ir§2.6 of (Varnet al, 2005) for each example and machine is equivalent to the original one, with CS probtbdgi
the reconstructeemachine. and transition probabilities typically within 0.1% of theirigi-

nal values, except for the transition probability from frointo
3. Analysis S1, nglﬁﬁsl = 0.33, which was 1% too small. Not surprisingly,

3 Here and elsewhere we use the Ramsdell notation to spegiiyadine stacking structures in CPSs. Recall thatetheachine gives stacking sequences in terms
of the Hagg notation. For a discussion of nomenclature auliifig structure as revealed by the CS architecturernfichines, see (Vamt al,, 2005).
4 We will denote a CSC by giving the sequence of CSs that comjpeseycle in square brackets [].
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the process shown in Filli4 the reconstructed-machine and
so we do not repeat the Fig..

The two-layer CF€s(n) versusn from the process and from
the reconstructed-machine are shown in Fif]l 3. The differ-

are in the small rises at~ 0.17 andl ~ 0.83. We calculate
a profileR-factor of R = 12% between the diffraction spectra
for Example B and the reconstructednachine. The = 3 ¢-
machine has difficulty reproducing the 6H structure in thespr

ences are too small to be seen on the graph. We calculate teece of 3C structure, as expected.

profile R-factor (Varnet al., 2005) to compare the experimen-

Given the good agreement between the CFs and the spec-

tal spectrum (Example A) to the theoretical spectrum (recontra generated by Example B and the= 3 e-machine, we are

structed-machine) and find a value & = 2%. If we generate
several spectra from the same process, we find prgfilactors

led to ask what the differences between the two are. In Tdble 1
we give the frequencies of the eight length-3 sequences gen-

of similar magnitude. This error then must be due to samplingerated by each process. The agreement is excellent. Thiy bot
It stems from the finite spin sequence length we use to calgive nearly the same probabilities (0.32) for the most com-

culate the CFs and our method for setting them equal to theifhon length-3 sequences, 111 and 000. Example B does forbid

asymptotic value. This can be improved by taking longer samtwo length-3 sequences, 101 and 010, which the reconstructe
ple sequence lengths and refining the procedure for settig tr = 3 e-machine allows with a small probability( 0.03). At

CFs to their asymptotic value. Since profftefactors compar-
ing theory and experiment are typically much larger thas, thi

at present, this does not seem problematic. A comparisdreof t

two spectra is shown in Fifll 2. This kind of agreement is tgtpic
of eMSR from any process that can be representedras-a3
e-machine (Varn, 2001).

We find by direct calculation from themachine that both

the level of length-3 sequences, thmachine is capturing most
of the structure in the stacking sequence.

A similar analysis allows us to compare the probabilities of

the 16 length-4 sequences generated by each; the results are

given in TabldP. There are more striking differences hehe T
frequencies of the two most common length-4 sequences in
Example B, P1111) = P(0000 = 0.227, are overestimated

Example A and the reconstructed process have a configurgy ther = 3 e-machine, which assigns them a probability of
tional entropy ofh,, = 0.44 bits/spin, a statistical complexity ~. 0.30 each. Similarly, sequences forbidden by Example B—
of C,, = 2.27 bits, and an excess entropytbt= 0.95 bits. 1101, 1011, 1010, 1001, 0110, 0101, 0100, 0010—are not nec-
Since the original process was represenTable as an3 essarily forbidden by the = 3 e-machine. In fact, the = 3 ¢-
e-machine, this first example is largely a consistency check omachine forbids only two of them, 0101 and 1010. This implies
eMSR. In the next example, we treat an- 3 process not rep- thatr = 3 e-machine can find spurious sequences that are not in

resenTable by the= 3 e-machines that we reconstruct.

3.2. Example B

the original stacking sequence. This is to be expected. Bt t
r = 3 e-machinedoesdetect important features of the original
process. It finds that this is a twinned 3C structure. It alsddi

Upon annealing, a solid-state transformation in ZnS fronthat 2H structure plays no role in the stacking process. @te s
the 2H structure to either the 3C or 6H structures is possibldhis by the absence of transitions betwekrandss in Fig.[3.)
sometimes both occurring in different parts of the same-crys One can also attempt to decomposerthe 3 e-machine into
tal (Sebastian & Krishna, 1994). However, two crystal struc a sum of CSCs and interpret this as crystal and fault stractur
tures represented with atmachine cannot share a CS, asHowever, as is typically the case, there is no unique decempo

discussed irg3.1.2 of (Varnet al, 200%). On anr = 3 ¢-

sition and so therefore such an exercise is of questionalibk v

machine, for example, both the CSCs associated with the 3@y. With the exception of the sequences 1111 and 0000, the

and the 6H structures sha& and Sy, so a crystal contain-
ing both structures cannot be properly modeled at 3. In
fact, it is necessary to use an= 4 e-machine to encompass
both structures. So, to see how wellSR works atr = 3 for

other twelve non-vanishing sequences all appear with alsmal
but rather constant probability in the rang@24 - Q052. One
possible interpretation is to say thay] and [S7] contribute
to 3C structure with a weight of.88. We could further inter-

anr = 4 process, we consider the process shown in[Big. 4pret [S7S6S583] and [SoS15,84] as deformation faulting of the

[R1R3R7R14R12Rg] would give rise to 6H structure if it were
a strong CSC, but we find that tbausal state cycle probability
Pcs(6H) = 0.25 (Varnet al, 200%). We say then that this is
mild 6H structure. Ro] and [R1s] give the twinned 3C struc-
tures.

Employing spectral reconstruction, we find the= 3 e-
machine shown in Fifl5. All CSs are present and all tramsstio
save those that connegt andSs, are present. A comparison of
the CFs for the original process and the reconstructadchine

3C structure giving a combined weight of@. And finally, we
could associated; S3SsS4] with 4H structure. This last inter-
pretation of [5;535sS4] with any crystal structure is trouble-
some as th€&-sd[S1538654]) < 1. Another possible decom-
position would be to again assigfg] and [S7] to the 3C struc-
ture with a weight of 0.58, to interpret the patlisSeS4So
and S§p515387 as as twin faulting with a probability weight of
0.18, treat §1535654] as 4H structure, and finally to interpret
[515284] and [S3S6S5] as 9R structures. These two descriptions

is given in Fig[®. The agreement is remarkably good. It seemare clearly rather different and, arguably, have no use in an
that ther = 3 e-machine picks up most of the structure in the account, other than serving to illustrate the ambiguity bf-F

original process.

There is similar, though not as good, agreement in the diffra

like structural interpretations.
In addition to the non-uniqueness difficulties, by simpgt-li

tion spectra, as Fidl 7 shows. The most notable discrepancieng the probability density of the various crystals and faul
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structures, we say nothing about how one crystal convertSince we are labeling the states by the last two symbols geen a
into another as one scans the stacking sequence. Thissxerci = 2, within our approximation they do have the same futures
demonstrates the impoverished view of crystal structunerin  and thusS; and S; can be merged to form a single CS. The
ent in the FM. In short, the stacking sequence implied by theesult is thes-machine shown in FidLl 8.
e-machine in Figllb comes from a physical structure that is not In general, in order to merge two histories, we check that
describable in terms of the FM. each has an equivalent future up to the memory lengdththis

We find by direct calculation that the Example B processexample, we need only check futures up to length-1, because
has a configurational entropy bf, = 0.51 bits/spin, a statis- after the addition of one spirs)(each is labeled by the same
tical complexity ofC,, = 2.86 bits, and an excess entropy of past, namely 4 Had we tried to merge the pasts 11 and 10, we
E = 0.82 bits. The reconstructed process gives similar resultgould need to check all possible futures after the additibn o
with a configurational entropl, = 0.54 bits/spin, a statisti- two spins, after which the states would have the same futures
cal complexity ofC, = 2.44 bits, and an excess entropy of (by assumption). Thatis, we would require
E = 0.83 bits. © ©

T11-1s= T10-0s (2)

3.3. Example C

We treat this next system, Example C, to contrast it with theand
last and to demonstrate how pasts with equivalent futures ar T 1) 3)
merged to form CSs. Themachine for this system is shown ls—ss = " Os—ss
in Fig.[ and is known as thgolden mean procesShe rule  for gi s ¢.
for generating the golden mean process is simply stated:ra 0 0 \we find by direct calculation from the-machine that the
1 are allowed with equal probability unless the previousispi poth Example C and the reconstructed process have a configu-
was a 0, in which case the next spin is a 1. Clearly then, thigational entropy oh,, = 0.67 bits/spin, a statistical complexity

process needs to only remember the p_revious spin, and hen@@cH — 0.92 bits, and an excess entropy®f= 0.25 bits.
it has a memory length af = 1. It forbids the sequence 00

and all sequences that contain this as a subsequence. The p§Q. Example D
cess is so-named because the total number of allowed sexpuenc We now consider a simple finite-state process that cannot be

grows with sequence length at a rate given by the golden me%presented by a finite-order Markov process, calledetran
¢ =(1+V5)2 ] ) o process(Crutchfield & Feldman, 2003; Crutchfield, 1992), as
We employ theMSR algorithm and find themachine given e previous examples could. Teeen languagéHopcroft &
(again)in Fig[B at = 1. A comparison of the CFs from Exam- jman, 1979; Badii & Politi, 1997) consists of sequenceshsu
ple C and the golden mean process are given inlfig. 9. The difp 5t petween any two 0s either there are no 1s or an even num-
fgrences are too small to be seen. We next compare the diffrager of 1s. In a sequence, therefore, if the immediately pliege
tion spectra, and these are shown in Eg. 10. We find excellergpin was a 1, then the admissibility of the next spin requires
agreement and calculate a proffigfactor of R = 2%. At remembering thevennessf the number of previous consecu-
this pointeMSR shoqld_termlnate, as we have found satisfacsjye 15 since seeing the last 0. In the most general insténise
tory agreement (to within the numerical error of our teclueiy requires an indefinitely long memory and so the even process
between “experiment”, Example C, and “theory”, the recon-cannot be represented by any finite-order Markov chain.
structede-machine. We define the even process as follows: If a 0 or an even
Let us suppose that instead, we incremeand follow the  nymper of consecutive 1s were the last spin(s) seen, then the
eMSR algorithm as if the agreementrat- 1 had been unsatis- next spin is either 1 or 0 with equal probability; otherwike t
factory. In this case, we would have generated theachine”  npext spin is 1. While this might seem somewhat artificial for
shown in Fig.[Th at the end of step 3b (Table 1 of (Varntne stacking of simple polytypes, one cannot exclude tais<
et al, 200%)). We have yet to apply the equivalence relationof (so-calledsofid structures on physical grounds. Indeed, such
equation (11) of (Varret al, 200%) and so let us call this |ong-range memories may be induced in solid-state phass-tra
thenon-minimak-machine. That is, we have not yet combinedformations between two crystal structures (Kabra & Pandey,
pasts with equivalent futures to form CSs, step 3c (Table % 988; varn & Crutchfield, 2004). It is instructive, theredor
of (Varnet al, 2003)). Let us do that now. to explore the results of our procedure on processes with suc
We observe that the staf is different from the other two, structures.
S1 and Ss, in that one can only see the spin 1 upon leaving Additionally, analyzing a sofic process provides a valuable
this state. Therefore it cannot possibly share the sameefsiis  test ofeMSR as practiced here. Specifically, we invoke a finite-
&1 andSs, so no equivalence between them is possible. Howorder Markov approximation for the solution of the= 3 equa-

ever, we do see that(BlS1) = P(1/S3) = 1/2 and RO[S1) = tions, and we shall determine how closely this approximttes
P(0|83) = 1/2 and, thus, these states share the same p_robablllg(,en process with its effectively infinite range.
of seeing futures of length-1. More formally, we can write Thee-machine for this process is shown in Higl 12. Its causal-

state transition structure is equivalent to that in ¢hachine
T(()SlLls = T(lsl)ﬂlS . (1)  for the golden mean process. They differ only in $pgnsemit-
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ted upon transitions out of th® (Seven) CS. It seems, then, that e-machine given in Fid12.
this process should be easy to detect. We find, then, that there are two separate consequences to

The result ofe-machine reconstruction at= 3 is shown in  applying eMSR that affect the reconstructedmachine. The
Fig.[13. Again, it is interesting to see if the sequencesiflten  first is that forr > 3, the memory-length reduction approxi-
by the even process are also forbidden byrthe 3 e-machine. mation must be invoked to obtain a complete set of equations.
One finds that the sequence 010—forbidden by the process—Fhis approximation limits the histories treated and caediff
is also forbidden by the reconstructednachine. This occurs the values estimated for the sequence probabilities. Téenske
becauses, is missing> We do notice that the reconstructed is the state-labeling scheme. Only for Markovian (non-3ofic
machine has much more “structure” than the original pracesgrocesses can CSs be labeled by a unique finite history. Mak-
We now examine the source of this additional structure. ing this assumption effectively limits the class of proesssne

Let us first contrast differences betweeMSR and othee-  can detect to those that are blockdarkovian. To see this more
machine reconstruction techniques, taking the subtreginmge  clearly, we can catalog the possible histories that lealdddo
method (SMM) of Crutchfield and Young (Crutchfield & CSs in Fig[IR. In doing so, we find that the histories 000, 011,
Young, 1989; Hansen, 1993; Crutchfield, 1994) as the alkierndl10, 100, and 100 always leave the process inSe&, Simi-
tive prototype. There are two major differences. Firstzsinere  larly, the histories 001 and 101 always leave the processsin C
we estimate sequence probabilities from the diffracticecim =~ Soda. But having seen the history 111 does not specify the CS
and not a symbol sequence, we find it necessary to invoke thas one can arrive in both CSs from this history. So the lagelin
memory-length reduction approximation (Vatal, 200%) at  of CSs by histories of a finite length fails here.

r > 3 to obtain a complete set of equations. Specifically, we Then why do we not find sequence probabilities by solving
assume that (i) only histories up to rangare needed to make the spectral equations and then use SMM to reconstruct-the
an optimal prediction of the next spin, and (i) we can lab85C machine? There are two reasons. The first is that in genegal on
by their lengthr history. must know sequence probabilities for longer sequencesishan

We can test these assumptions in the following way. For (i)necessary foeMSR. Solving the spectral equations for these
we compare the frequencies of length-4 sequences obtainéeshger sequence frequencies is onerous. The second igithat e
from each method. This is shown in Tallle 3. The agreemerit the sequence probabilities found from solving the spéctr
is excellent. All sequence frequencies are withif.01 of the  equations for these longer sequences makes identifyingaequ
correct values. The small differences are due to the memoryent pasts almost impossible. The even process is an egoepti
length reduction approximation. So this does have an efiett  here, since one needs to consider only futures of lengthnis. T
itis small here. is certainly not the case in general.

To test (ii), we can compare themachines generated from  Having explored the differences betweeSR and SSM,
each method given the same “exact” or “correct” length-4we now return to a comparison between CFs and diffraction
sequence probabilities. Doing so, SMM gives thmachine spectrum generated by tk®ISR and the even process. The
for the even process shown in Higl 2RISR gives a different CFs for the even process and the reconstruetethchine are
result. After merging pasts with equivalent futures, onddithe  given in Fig.[T#. We see that both decay quite quickly to their
e-machine shown in Fig._15. For clarity, we explicitly shoveth asymptotic values of 1/3. There is good agreement, except in
length-3 sequence histories associated with each CS, mdtdo the region between 5 n < 10. Examining the diffraction
write out the asymptotic state probabilities. spectra in Figll6, we see that there is likewise good agreeme

The e-machine generated MSR is in some respects as except in the region.@ < | < 0.9. We calculate the profile
good as that generated by SMM. Both reproduce the sequende-factor between the theoretical and experimental specta t
probabilities up to length-4 from which they were estimated R = 8%.

The difference is that foeMSR, our insistence that histories  There is a curious isolated zero in the process’s spectrum at
be labeled by the last-spins forces the representation to bel ~ 0.83. The other interesting feature is the broad peak at
Markovian of range. Here, a simpler model for the process, | ~ 0.33. One might guess that this originates from some 3C
as measured by the smaller statistical complexit9ZMits as  structure and, indeed, glancing at the reconstruetedchine
compared to B2 bits), can be found. So the notion of mini- of Fig.[I3 shows thatd] is strongly represented. The fault-
mality is violated. That issMSR searches only a subset of the ing is less clear. We would expect, though, that the presence
space from which processes can belong. Should the true prof [S7S6S4S5051S53] would indicate layer-displacement faulting
cess lie outside this subset (Markovian processes of rEpge of the 3C" structure and§;SsSsS3] is characteristic of defor-
theneMSR returns an approximation to the true process. Thenation faulting of the 3C structure. But given that most non-
approximation may be both more complex and less predictiveanishing transitions between CSs occur with a probalviktyr
than the true process. It is interesting to note that had wengi ~ 0.5, such an identification is questionable.

SMM the sequence probabilities found from the solutionfieft ~ We find by direct calculation from the even process that it
spectral equations, we would have found (within some ether) has a configurational entropy bf, = 0.67 bits/spin, a statis-

5 We do note that the solution of the spectral equations -at3 assigns the sequences 0100 and 0010 a small probab{ly0§ ~ P(0010 ~ 0.005, which
implies that the sequence 010 is also present with a smalbpitity, F010) < 0.01. Since this falls below our threshold, we take this CS &sgoeonexistent. For
this example, probabilities of this small magnitude aremetiningful, as the spectral equations at 3 are difficult to satisfy with purely real probabilities. We
also note that the solution of the spectral equations-at doesforbid the 010 sequence. For additional discussion, see(Z801).
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tical complexity ofC, = 0.92 bits, and an excess entropy of & Pandey, 1996), ACA 232 nonetheless reproduces many of
E = 0.91 bits. The reconstructedmachine gives information- the significant features seen in experimental diffractipecsra
theoretic quantities that are rather different. We find afigen  of annealed ZnS crystals.
urational entropyh,, = 0.79 bits/spin, a statistical complexity ~ Real transformations in ZnS crystals are undoubtedly much
of C, = 2.58 bits, and an excess entropy Bf= 0.21 bits.  more complex than this. However, despite its simplicitg ¢h
Thus we find the reconstructednachine isnore complexhan  machine that describes the stacking process for a cryatas-tr
the original processQ,,(theory) = 2.58 bits as compared to formed under ACA 232 has an infinite memory lengta, it is
Cy.(experiment = 0.92 bits) butless predictivgh,, (theory) =  sofic. The physical origin of this soficity is not difficult toder-
0.79 bits/spin as comparedg (experimenf = 0.67 bits/spin).  stand. Note that the original unfaulted crystal has only spid
One reason that the reconstructeshachine gives CFs and domains. (Indeed each spin domain in the unfaulted 2H crys-
diffraction spectra in such good agreement with the even pratal is exactly one spin long.) A spin flip (deformation fauigs
cess in spite of the fact that the information-theoreticrgua  the effect of joining two such odd spin domains by flipping the
ties are different is the insensitivity of the CFs and diffran  single spin that separates them. Thus the resulting lager s
spectra to the frequencies of individual long sequencasa-eq domain must also have an odd number of spins. It follows then
tion (9) of (Varnet al, 200%) sums sequence probabilities to that a perfect 2H crystal undergoing this transform can neve
find CFs. The fact that the even process has such a long merhave even spin domains. Just as for the even system, Example
ory is masked by this. However, information-theoretic ditan D, one must remember the oddness (evenness) of the previous
ties are sensitive to the structure of long sequenddSR at  like spins scanned to determine the admissibility of thet nex
r = 4 should prove interesting, in this light, since the evenspin. So in general the description of this process requines
process picks up another forbidden sequence—01110—and thib remember an indefinitely long history of spins. An impatta
additional structure would be reflected in the reconstdiete consequence of soficity is that no finite-order Markov preces

machine. can fully reproduce the statistics. Thus it is reasonablasto
how much of the stacking structu¢g®ISR can capture.
3.5. Example E We consider a partially transformed crystal with a faulting

ZnS is believed to have only two stable phases, the highParametert = 0.10. For a crystal only weakly faulted by the
temperature phase, 2H and the low-temperature phase, 3&CA 232 process, as is the case here, dmeachine shown in
Crystals can be grown at high temperatures (above 1024 )i9-[L1 gives an excellent representation of the stackingst
in the 2H phase and then cooled to a temperature range whei¥® and we take this to be our experimentahachine. The
the 3C phase becomes stable. The crystal then transforms eng°Ncomitant diffraction spectrum is shown in Fig] 18. Frére t
tiotropically from the former into the latter predominantia ~ Bragg-like reflections dt ~ 0.50 andl ~ 1.00, it is clear that
deformation faulting (Roth, 1960; Sebastian & Krishna,4:98 the structure of this crystal is predominantly 2H.

Sebastian, 1988). This transformation can be arrestedyat an Since the faulting is weak, we are able to perform a FM anal-
point by cooling the crystal further to a temperature rangene  Ysis. We find that the Bragg peaks are broadened symmeyricall
the MLs lack the necessary thermal activation energy ta slipand any shifting in their placement s negligible. We furtfied
Thusitis possible to experimentally study partially tfemmed  thatthe FWHM is 0.059 for the integépeaks and 0.058 for the
crystals. half-integert peaks. All of this is consistent with deformation

This martensitic transformation can be modeled in a sttaigh f2ulting of the 2H structure.
forward fashion (Varn & Crutchfield, 2004). We note that an Employing spectral reconstruction, we find the= 3 e-
undefected 2H Crysta| can be represented by the antifegomamaChine shown in Fldj.g We notice that the CS architecture
netic phase of a linear chain of Ising spins and a 3C crystapetween the twe-machinesappearsto be rather different. We
is just the ferromagnetic phase. Let us make four assungptioncompare the theoretical and experimental CFs in[E1j. 20. The
(i) Deformation faulting is the primary mode of transforfioat ~ agreement is excellent. There is, however, some discrgpanc
In terms of spins, this corresponds to flipping a single spinin the range 10< n < 30, where the theoretical CFs have
i.e. Glauber dynamics (Glauber, 1963). (ii) Only interactionsslightly stronger oscillations. Similarly, we compare thffrac-
between neighboring Spins are important_ (|||) A spin cap fli tion spectra in F|d]|8 Here we also find excellent agreement
onlyifitis energetically favorable to do so. (iv) The trémsna- ~ evidenced by th&-factor between the two spectra®f= 8%.
tion happens slowly. Putting this all together, let us bewgith Given such good agreement between the theoretical andiexper
an antiferromagnetic chain. We visit a spin randomly (bweme mental diffraction spectra and CFs, we are led to ask howshis
more than once) and flip this spin only if it is antiparallel to Possible when their respectivenachines seem to be so differ-
bothof its neighbors. We call the fraction of spins so visited theent. We find however, the differences are indeed more apparen
faulting parameter fDue to its formal similarity to elementary than real.
cellular automaton rule 232, except that here the updageisul Let us follow the same kind of analysis as we performed ear-
applied asynchronously to only a fraction of spins, this elod lier (Varn & Crutchfield, 2004), where one begins in one of the
is called ACA 232. While much simpler that other models CSs that is part of the 2H crystal structure and then follows a
of solid-state transformations (Kabra & Pandey, 1988; Enge path of CSs associated with faulting. First we note that tite b
1990; Shrestha & Pandey, 199&hresthat al,, 1996; Shrestha e-machines have CSCs that generate the 2H stacking structure
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[AB] in the experimentat-machine and$,Ss] for the theoret-  analogous states on the experimestadachine. We call this the

ical one. They even have nearly the same CS transition probéreduced” theoretica-machine and it is shown in FigLR1. The

bilities connecting themT(AOLB =090~ TESOSLSZ = 0.92 and similarity between the reducedmachine and the experimental
one, Fig[V, is striking. The CS architectures are neadtid

TP , =090~ T¥ . = 0.88. Thus these two CSCs per- : _
form equivalent functions on their respectignachines. For cal, the_only dlﬁergnce being that tsg andS, on the reduced
eoreticale-machine have a self-state transition on a 0 and 1

small faulting as is the case here, the remainder of the CSs &H ivel h th . tahachiner and E
eache-machine describe deviations from this crystal structure! SSPECUVElY, Whereas on the experimemtanachiner an
ransition to different CSs on a 0 and 1 respectively. Fuyrthe

As noted elsewhere (Varn & Crutchfield, 2004), the three spi . i .
sequence 100 necessarily places the experimemtalchine in the trarysu_ﬂon probabllltl_es be_tween CSs and the asynp@si
probabilities are nearly identical.

D. Thus S, in the theoreticak-machine (which by definition . . . .
assumes the three spin history of 100) is analogositothe Given _that the the_orgtlcal—machme and the expenmental
experimentat-machine (at least for length-3 spin histories). We?hne are mdee;:ladso supl!lar, Z\ve C.’Ctlﬁ ESk wjf:yS[I)Q didn’t f|rt1d
find that transitions out of these two CSs are identic@|P) = € experimenta-macnine. As _W'. xample B, we can trace
P(0|Ss) = 1 and R1D) = P(1/Ss) = 0. This demonstrates thg_reasons to two dlfflc_ultles. (i) errors in sequence pmb_g
that the theoreticat-machine also prohibits the 1001 stack- bilities as found by solving the spectral equations, any (ii

ing sequence just as the experimertaiachine does. After the lthe frt]a;cle labeling s_ch_(la_mm?é Xvihcompa;e Ithe prtqbab|llt|es for
sequence history 1000 the experimemtatachine is inF and engin-2 sequencesin 1a - The spectral equationsiepeo

the theoreticat-machine is inSy. We find that transitions out the sequence probabilities from the experimentatachine

these two CSs are equal (to within the numerical accuracy Orieaso?r?bly well. For se?li_encl:eT app%arlpgt_only lilargi/)’ how-
solving the spectral equations)(@F) = 0.096 ~ P(0|Sp) = ever, there are some relatively large deviations. Notahi,

0.10 and RLF) — 0.904 ~ P(1|So) — 0.90. However, the sequences 1100 and 0011 each occur with a frequency of 0.004

destination CSs after these latter transitions do not apjeea in the expenmentat—_njgchme, but the theoreticaimachine
be analogous on the twemachines. A 1 on the experimental assigns them probabilities of 0.014 and 0.000 respectiVaig,

c-machine returns themachine toA. i.e. it has now returned along with the error in the probabilities for the 1101 and @01

to [AB] or the 2H structure. The theoreticamachine however sequences, gives transition_ probabilities outSefand Ss that
advances t&;, rather tharSs, the CS analogous tyon the the- prevent these CSs from being merged wignand s, respec-

oreticale-machine. The transition probabilities for the next spint'vely' Thus the theo_retmakmachlne makes distinctions a_b(_)ut
are a little different for the twe-machines: FO|A) = 0.90 # pasts that the experimental one does not. The second difficul
P(0|S1) = 1.00. But if we do follow this transition on 0, we will lt'_eﬁ V;"tg Thg stattﬁ l?b?“t?]g sche_me. Since degch state is ini-
find eache-machine back intoAB] or [S,Ss] associated with lally labeled by the last three spins seép,ands; necessar-

2H structure. We find then that foBDFA] on the experimental lly have self-_state transmc_)ns. So the kind of CS. e_lrc_:hur:'mt
e-machine we have an analogous CS694S0S1], on the the- on the experimentatlmachine that generates the infinite range

oreticale-machinejf we allowS; to play a similar role t&s. In medrgotrﬁ/Ttha:]%c_)tuncmg bgtwgen QSS’ SthCh ﬁs that bg;ﬁee_n
fact,S; andSs have nearly identical futures. Each transitions 02" at pronibrts even spin domains whiie aflowing odd spin

S, on a 0, and had the spectral equations not found a vanishi mains Qf any size—can never be realized if states aresidbel
probability for the sequence 0013; would transition to taSs finite h_|stor|es. . . T
onal, just ass does. Indeed, had the conditional probabilitie Returning qur attent_lon to the theoretleainachlng in Fig. .
out of S; andSs been equal, the equivalence relation, equation2 we examine how its CS archltectgre reveals information
(11) of (Varnet al, 200%), would have required the merger of about thg stacking stru_qtgre. As previously noted, theelarg
these two CSs to form a single CS. The spin sequence assogSymptotic state probabilities 6k andsSs, Pr(S;) = Pr(Ss) =
ated with BDFA] and [S»SaSoS1] is just 0100010, where the .37, as well as their large casual state cycle probability,

first three spins can inferred as necessary to fix eaolachine Pesd([S2S5]) = 0.81, indicate that this is crystal is predom-
into B or S,. The interpretation is clear: these two CSCs rep-Inantly 2H. The remaining CSCs give the faulting structure.

resent a single, isolated deformation fault of the 2H stmect Since thereis no CS transition from eitr&r.to 6 or_fromsl o

This exercise strengthens the interpretation of the CSt S4, We see that stacking structure associated with both growth
of weak deformation faulting on an= 3 e-machine in a 2H and layer displacement faults is absent. Further, thessaié
crystal given ing3.2.2 of (Varnet al., 2003) transition probabilities folSy and Sy are likewise small, so we

conclude that there are no large regions where the crys&al ha
We can further demonstrate the similarity between the expekransformed to the 3C structure.

imental and theoreticatmachines with the following exercise.  This e-machine can be approximately broken down into
Since theS; and Ss do have nearly identical futures, let us FM structural components using equation (24) of (Vatral,
merge them in to a single CS, and callStSs. Similarly, let  2005) and we find:

us also merges, andSg and label the resulting CS,Ss. To

0,

find the transition probabilities for these new states, wst ju 2H . 66%
: " -y Deformation fault  31%

take a weighted average of the transition probabilitiestlfier Other 304
0.

old states. Further, we can rearrange the CSs on the theoreti
cale-machine so that the CSs occupy the same position as thelihis then is consistent with 2H crystal that has been weakly
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deformation faulted. We also note tHault probability (Varn ~ Step 4 There are no difficulties here.
et al, 200%), i.e. the probability that upon scanning the crys- giep 51t s possible that one is required to go torahat is cum-

tal one finds a particular kind of fault, can also be approxi-hersome to calculate. In this case, one terminates the guoee
mated directly from the theoreticalmachine. For this weakly through practicality.

faulted crystal we takeS,Ss] as the parent crystal structure.
The probability of leaving$,Ss] averaged over the CSCis just ~ We find that the roots of these difficulties can be ultimately
(1/2){P(1]Ss) + P(0|S2)} = (1/2){0.12+ 0.08} = 0.10. This  traced to four problems: (i) excessive error in the diffi@act
is the quantity usually reported in the literature. Sinceréhis  spectrum, (ii) the process has statistics that are too canipl
but a single parent structure with one kind of fault, findihngt be captured by a finite-range Markov process, (iii) the mgmor
fault probability here is unambiguous. For multiple crylgte length approximation is not satisfied, and (iv) the initegamp-
and fault structures, this kind of simple analysis may nqibe  tions of polytypism are violated. We are likely to discovigtirg
sible. step 1. For (ii) and (iii), we find no difficulties at step 1, but
We find by direct calculation from ACA 232 that it has a con- rather at steps 2, 3, and 5. For (iv), we have not examined this
figurational entropy oh,, = 0.42 bits/spin, a statistical com- case in detail. However, we expect that if the assumptiottsef
plexity of C, = 1.86 bits, and an excess entropyf= 1.01  stacking of MLs (seg2.1 of (Varnet al, 200%)) are not met,
bits. The reconstructeesmachine gives similar information- then since equation (1) of (Vaat al, 2005) is no longer valid,
theoretic quantities. We find a configurational entrépy =  the CFs found by Fourier analysis will not reflect the actual
0.42 bits/spin, a statistical complexity 6f, = 2.26 bits, and  stacking probabilities. This will likely be interpreted psor
an excess entropy & = 0.99 bits. Thus we find the recon- figures-of-merit, andMSR will terminate at step 1.
structede-machine ismore complesthan the original process,  Of the four possible difficulties only (ii) and (iii) shouldeb

(C.(theory = 2.26 bits as compared t6, (experiment =  considered to be inherent dSR. It is satisfying thatMSR
1.86 bits) but equally predictivehy,(theory) = 0.42 bits/spin  can detect errors in the diffraction spectrum and then stop,
as compared th, (experiment = 0.42 bits/spin). that it does not generate an invalid representation thgplgim

For comparison we list each example’s information-théoret describes “error” or “noise”.
properties in TablEl5.
4. Characteristic Lengths in CPSs
3.6. Anticipated Difficulties with Applying eMSR We now return to one of the mysteries of polytypism, namely

We have considered five examples that demonstrate succedBat of the long-range order which they seem to possess. It is
ful applications ofeMSR. We have found instances, however, Of interest, then, to ask what, if anything, the spectragigon-
when theeMSR has difficulties converging to a satisfactory structede-machine indicates about the range of interactions
result. We now analyze each stepcMSR as given in Table 1  between MLs. In this section, we discuss and quantify sévera
of (Varnet al, 2005) and discuss possible problems that maycharacteristic lengths that can be estimated from reaactstl
be encountered. e-machines.

Step 1 Several problems can arise here. One is that the figure@ Corrglation Length,\c: From statistigal mechanics, we have
of-merit, 8 and~, are sufficiently different from their theoret- the notion of ah_cohrrela_nonl Ierr:gthr,] (an@} ‘f"l"l 199;3; Y;:g
ical values over all possibleintervals thattMSR should not mans, 1992) whichis simply the characteristic length so

even be attempted. Even if one does find an interval such thdfNich “structures” are found. The correlation functiddsn),

they indicate satisfactory spectral data, it is possib the ~ Qa(n), @nd Qs(n) are known to decay to 1/3 for many dis-
CFs extracted over this interval are unphysical. That isreth ordered stacking®.For the disordered cases considered here,

is no guarantee that all of the CFs are both positive and les ponentlal deca_ly to 1/3 seems 1o be the r_ult_a. We therefore
than unity. In such a case, no stacking of MLs can reproduc efine thecorrelation length)\; as the characteristic length over

these CFs. Finally, if error ranges have not been reportét wi which correle_ltion informatiqn is lost with increasing segtéon
the experimental data, it may not be possible to set the errdt MOre precisely, let us definiéq(n) as

threshold". . . W) = 3. |Qu(n) — %‘ ’ 4)
Step 2 The Rw") solutions to the spectral equations are not

guaranteed to be either real or positive for 3. If this is so,  so thatWy(n) gives a measure of the deviation of the CFs from
then no physical stacking of MLs can reproduce the CFs fromheir asymptotic value. Then we say that

the spectrum.

. . . Wy(n) = F(n) x 27" | (5)
Step 3 Given Rw") that satisfy the elementary conditions of

probability (.e., there is no difficulty at step 2), step 3 will return whereF (n) is some function of.

a machine that generate&P). It is possible, however, thatthe  For those cases where the CFs do not decay to 1/3, we say
resulting CSs are naitrongly connectedand thus the result that the correlation length is infinite. We find that expoient
may hot be interpreted as a singtenachine. decay is not always obeyed, but it seems to be comfraomg

6 There are some exceptions to this. See Kabra and Pandey)(¥9&&d Canright (1996), and Varn (2001) for some examples.
7 The exponential decay of correlations is discussed by 6fietd & Feldman (2003).
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the correlation length thus defined gives a useful measuteof But this information is redundant. Outside a small neighbor
rate of coherence loss asncreases. Our definition of correla- hood one gets no additional information by knowing the orien
tion length is similar to theharacteristic length Ldefined by  tation a spin assumes. Notice that one can have an infinite mem
Shrestha and Pandey (Shrestha & Pandey, 499brestha & ory length with a relatively small correlation length, asiséor
Pandey, 1997). the even system (Example D) and ACA 232 (Example E). That
(i) Recurrence Length®. For an exactly periodic process, the 'S: €ven though oaveragethe knowledge one has about a spin
period gives the length over which a template pattern repeafN@y decay, there are still configurations in which distaséipa-
itself. We can generalize this for arbitrary, aperiodicqasses rated spins carry information about each other that is moedt

in the following way. Let us take theecurrence lengtt as I the intervening spins. _
the geometric mean of the distances between visits to each CS!f we know thee-machine for a process, then we can directly

weighted by the probability to visit that CS: calculate)¢, P, andr,. How, then, do these relate to the interac-
tion lengthr, ? Infinite correlation lengths can be achieved with
P = H T, (6) very smallr, as in the case of simple crystals. So correlation

SeS lengths alone imply little about the range of interactidfs: a

periodic system in the ground state, the configuration’soper
puts a lower bound on the interaction length &ia> log, P—
barring fine tuning of parameters, such as found at the mul-
tiphase boundaries in the ANNNI model (Yeomans, 1988) or

whereT; is the average distance between visits to a CSpisl
the probability of visiting that CS. Then,

P = H (2|092Ti>pi th ; . X N
ose imposed by symmetry considerations (Canright & Wat-
sies son, 1996: Yi & Canright, 1996; Varn & Canright, 2001). The
= H 27 Plogp most likely candidate for a useful relation betwegrand a
Sies guantity generated from themachine isr,. Indeedr, sets a
_ o > s cs Pilog, p lower bound orry, if the system is in equilibrium. For poly-

types, the multitude of observed structures suggests that m
g (") are not in equilibrium but rather trapped in nonequilibrium
metastable states, and, consequently one does not know what
the relation between, andr, is. It is conceivable, especially

; - I - in the midst of a solid-state phase transition, that small
rocess’s period. For aperiodic procesfegives a measure of . i .
b P P P could generate large (Varn & Crutchfield, 2004). While an

the average distance over which thmachine returns to a CS. hine i lete d i £ th derlvi tack
Notice that this is defined as the average recurrence léngth c-machine 1s a compte eddi_scnp”mn of ethur: tﬁr ylngt_s ack-
the Hagg notation For cubic and rhombohedral structures, for N9 Process, one must additionally require that the materia

example, this is one-third of the physical repeat distandaé 'nf?qtt”“?;'urg.? ordter to mgke |rr]1_fer:enc:s c$tnc§rnrngTdhls
absolute stacking sequence. reflects the different ways in which a Hamiltonian andean

machine describe a material.

= 2
where we have used the relatitn= 1/p;.
For periodic processe§,, = log, P and soP is simply a

(i) Memory Length, it Recall from§3.7 of (Varnet al,

2005) that thememory lengtlis an integer which specifies the
maximum number of previous spins that one must know in th
worst case to make an optimal prediction of the next spin. Fo¥We have demonstrated the feasibility and accuraeyrofchine
anr-order Markov process this is spectral reconstruction by applying it to five simulatedrdit-

(iv) Interaction Length, . Theinteraction lengthis an integer tion spectra. In each case, we find thsISR either reproduces

that gives the maximum range over which spin-spin inteoasti the statistics of the stacking structure, as for Examplesd a
appear in the Hamiltonian. C, or finds a close approximation to it. Elsewhere we apply

the same procedures to the analysis of experimental diffrac

We calculated thé\c, P, andr; (in units of MLs) for Exam-  spectra from single-crystal planar faulted ZnS, focusingie
ples A-E as well as for three crystal structures. The results novel physical and material properties that can be disealver
displayed in TablEl6. We see that each captures a differpatas with this technique (Varet al., 2005).
ofthe system. The correlation lengthsets a scale overwhicha It is worthwhile to return one final time to hoaMSR dif-
process is coherent. For crystals, as shown in Tdble 6gihgghh  fers from other spectral inference algorithms—partidylére
is infinite. For more disordered systems, this value deeseas FM—and discuss howMSR gives an improved framework
The generalized perio® is a measure of the scale over which in which to discover and understand disorder and structure i
the pattern produced by the process repeats. The memothlenglanar faulted crystals. (MSR makes no assumptions about
ri is most closely related to what we might think as the maxi-either the crystal or faulting structures that may be presen
mum range of “influence” of a spin. That is, it is the maximum Instead, using correlation information as inpaSR con-
distance over which one might need to look to obtain informastructs a model of the stacking structure—in the form of an
tion to predict a spin’s value. e-machine—that reproduces the observed correlations.efher

For periodic, infinitely correlated systems, spins at lage-  fore, the algorithm need not rely on the experience or ingenu
aration carry information about each other, as seen inasyst ity of the researcher to mala priori postulates about crystal

é'i. Conclusions
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or fault structure. (ii) As the analysis of Example A shows,is thateMSR is limited to Markov processes, and has only been
eMSR is able to detect and describe stacking structures thatorked out for ¥-order Markov processes. Since the maximum
contain multiple crystal and fault structures. Indeed,Bgle = number of terms in the spectral equations grows as the expone
A represented a crystal that was predominately 2H, but ado h tial of an exponential in the memory length, the task of wgti
significant portions of 3C crystal structure. Additionaltwo  out the higher order spectral equations quickly becomes pro
faulting structures, growth and deformation faults, welenti-  hibitively difficult. We believe that the = 4 case is almost cer-
fied. (iii) SinceeMSR doesn’t need to assume any underlyingtainly tractable, but the case of> 5 is probably not. Although
crystal structure, it can detect and describe even higldgrdi r = 3 e-machines certainly identify much of the structure in
dered structures. Example C has significant disoralg~(0.67  higher order processes, we found two difficulties. (i) Appro
bits/ML®) and doesn’t contain any readily identifiable crystalimations made in the derivation of the spectral equatioms ca
structure. Nevertheless8VISR is capable of finding and describ- result in sequence probabilities that differ from those tof t
ing the statistics of even such highly disordered stackingss  true process. As was shown in Example E this could interfere
tures. (iv) In contrast to many other techniquedSR uses all  with the identification of stacking histories that have @qiént
of the information available in diffraction spectrum. Byten  futures. (ii) The state labeling scheme imposes a CS amchite
grating the diffraction spectrum over a unit interval inipgo-  ture on the reconstructedmachine that may be too restric-
cal space to find the CFeMSR makes no distinction between tive. The e-machines in Examples D and E both belonged to
diffuse scattering and Bragg-like peaks. Each is treatedlyg  a class of processes, formally known as sofic processes, that
Indeed, even though Example B shows both Bragg-like peakisave a special kind of infinite range memory. The CSs on the
as well as considerable diffuse scattering between pell&R ~ e-machines that describe these processes can not be specified
naturally captures the information contained in both bggnét- by any finite history. So the scheme of labeling states by the
ing over the entire spectrum. (v) Itis advantageous nomokie  lastr-spins seen, as is done here, is inadequate. Since the range
a more complicated explanation than is necessary to uraherst of interaction between MLs in some materials, e.g. SiC (@hen
experimental data. By initially assuming a small memorgthn et al, 1987; Chenget al, 1988; Shaw & Heine, 1990; Cheng
and incrementing this as needed to improve agreement betweet al, 1990), is calculated to be= 3 and numerical simulations
theory and experiment, as well as merging stacking “his&dri of martensitic transformations in ZnS suggest that theceffe
with equivalent “futures”’¢MSR builds the smallest possible tive memory length is infinite (Varn & Crutchfield, 2004),exit
model that reproduces the experimentally observed difrac  nate methods of inferring such long range structure frone-spe
spectrum without over-fitting the data. Example C shows howviral data are needed. Reverse Monte Carlo techniques (Keen &
eMSR is able to find this minimal expression for the stackingMcGreevy, 1990) have been applied to a wide range of disor-
structure. (vi) Finally, the resulting expression of thacking  dered materials, and may be useful here. This is a current sub
structure, the processtsmachine, allows for the calculation of ject of research. Additionally, we are investigating aitgive
parameters of physical interest. For each example, we visdge a techniques to the direct solution of the spectral equations
to find the configurational entropy associated with the stk Fipally, we stress that there is a difference between struc-
process and the statistical complexity of the stackingcstine.  ,re and mechanism in disordered stacking sequencesc-The
In a companion paper (Varet al, 200%), we show how the  achine describes the structure, but has little to say dmut
average stacking energy and hexagonality may be calculat§fle material came to be stacked in this fashion. While it i po
from thee-machine. sible to formally identify CSCs with “faulting structurea’ we
Additionally, we have identified three length parameteed th have done here, this can be misleading. It is certainly ptessi
are calculable from the-machine: the correlation lengthg; that the cumulative effects of repeated faulting by a palkaic
the recurrence lengtf®; and the memory length,. Each mea- mechanism may lead to a structure that is different from a-cry
sures a different length scale over which structural ogtion  tal simply permeated with that kind of fault. That is, for hig
appears. New to this work i®, which is a generalization of fault densities, adjacent faults may be produced in the same
the period of a periodic procesp. is a measure of the aver- way, but the close proximity of the faults may cause us tarinte
age length between visits to each CS. As such it quantifies thegret the structure differently-e-g, as a small segment of com-
average distance over which the pattern repeats itsels Bbth  plex crystal.
periodic and aperiodic patterns have a characteristi¢hes@le  |n order to determine the mechanism of faulting in, say, an
after which they begin to repeat. The last length parameser Wannealed crystal undergoing a solid-state phase tramsitio
identified isr|, the distance over which a ML can carry nonre-js gesirable to begin with many (identical) crystals ancsirr
dundant information about the orientation of another MLISTh  {he solid-state transformation at various stages. By reicoct-
is most closely related to the. If the assumption of equilib-  jng the-machine after different annealing times, the route to
rium can be made for polytypes, places a lower bound an.  gisorder can be made plain. The result is a picture of how
But the assumption of equilibriumiis critical, and not lkehet  strycture (as captured by intermediatenachines) changes
by many polytypes. during annealing. This change in structure should givectiire
Even with these advantages, howewSR as practiced insight into the structure-forming mechanisms. This stoul
here is not without its shortcomings. Perhaps most resteict be compared with the numerical simulation of faulting in

8 For comparison, a completely random stacking of MLs for CR&sld haveh,, = 1 bit/ML.
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a crystal (Kabra & Pandey, 1988; Engel, 1990; Shrestha &ebastian, M. T. (1988). Mat. Sci. 23, 2014-2020.

Pandey, 1998 Shrestha & Pandey, 1997; Gosk, 2000; Gosk.sebastian, M. T. & Krishna, P. (198®hilos. Mag. A 49, 809-821.
2001; Gosk, 2003; Varn & Crutchfield, 2004). We note thatgepastian, M. T. & Krishna, P. (1994Random, Non-Random and
in such simulations, the-machine can be directly calculated Periodic Faulting in CrystalsGordon and Breach.

from the sequence to high accuracy. Some experimental Worgnajizi, C. R. & Crutchfield, J. P. (2001). Stat. Phys104, 817-881.
on solid-state phase transitions has been done (Sebastian<§.. j 3 A & Heine. V. (1990). Phys. Cond. Mat2, 43514361

Krishna, 1994), but we hope that this improved theoreticaghlrestha S. P. & Pandey, D. (199GEUrophys. Lett 34(d), 269-274.

framework will stimulate additional effort in this direoti.
Shrestha, S. P. & Pandey, D. (1%96Acta Mater. 44, 4949-4960.
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The frequencies of length-4 sequences obtained from ExaBmnd thee-
machine reconstructed at= 3.

Sequence  Example B eMSR | Sequence Example B eMSR

Jagodzinski, H. (1949Acta Crystallogr. 2, 201-207. ﬂig 8:331 g:ggg 811(1) 8:88(1) 8:8‘212
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Pandey, D. & Krishna, P. (1982). l@urrent Topics in Materials Sci- 1011 0.000 0.027| 0011 0.091 0.046

ence edited by E. Kaldis. North-Holland. 1010 0.000 0.000| 0010 0.000 0.030
Roth, W. L. (1960)Faulting in ZnS Tech. Rep. 60-RL-2563M. Gen- 1001 0.000 0.049| 0001 0.091 0.026

eral Electric Research, Schenectady, New York. 1000 0.091 0.027| 0000 0.227 0.296
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Table 3
The frequencies of length-4 sequences obtained ##8R and SMM for the
even process, Example D. At most, they differh9.01.

Sequence eMSR SMM | Sequence eMSR  SMM
1111 0.24 0.25| 0111 0.09 0.08
1110 0.09 0.08 | 0110 0.07 0.08
1101 0.09 0.08 | 0101 0.00 0.00
1100 0.08 0.08 | 0100 < 0.01 0.00
1011 0.08 0.08 | 0011 0.08 0.08
1010 0.00 0.00 | 0010 < 0.01 0.00
1001 0.04 0.04 | 0001 0.05 0.04
1000 0.04 0.04 | 0000 0.04 0.04
Table 4

The frequencies of length-4 sequences obtained from Exa@mgACA 232)
and thee-machine reconstructed at= 3.

Sequence Example E eMSR | Sequence Example E eMSR
1111 0.009 0.005| 0111 0.041 0.043
1110 0.041 0.043| 0110 0.000 0.000
1101 0.037 0.029| 0101 0.331 0.336
1100 0.004 0.014| 0100 0.037 0.029
1011 0.037 0.043| 0011 0.004 0.000
1010 0.331 0.322| 0010 0.037 0.043
1001 0.000 0.000| 0001 0.041 0.043
1000 0.041 0.043| 0000 0.009 0.005
Table 5

Measures of intrinsic computation calculated from the psses of Examples
A, B, C, D and E and theirr(= 3) reconstructed-machines. For Examples
A, B, C and E the reconstructedmachines give good agreement. For Example
D, however, the reconstructeemachine requires more memory and still has a
entropy densityh,, significantly higher than that of the even process. The last

column givesA = C, — E —rh,, as a consistency check derived from Eq. (23)
of (Varn et al,, 2005), which describes ordarMarkov processes. Recall that
the even process of Example D and ACA 232 of Example E are noitefi
processes and so Eq. (23) of (Vatal, 200%) does not hold. All one can say
is thatE < C,,, which is the case for both Examples D and E.
System Range h, [bits/ML]  C, [bits] E [bits] A
Example A 3 0.44 2.27 0.95 0.00
e-machine 3 0.44 2.27 0.95 0.00
Example B 4 0.51 2.86 0.82 0.00
e-machine 3 0.54 2.44 0.83 -0.01
Example C 1 0.67 0.92 0.25 0.00
e-machine 1 0.67 0.92 0.25 0.00
Example D 0 0.67 0.92 0.91
e-machine 3 0.79 2.58 0.21 0.00
Example E ) 0.42 1.86 1.01
e-machine 3 0.42 2.26 0.99 0.01

Table 6

The three characteristic lengths that one can calculata kimowledge of the
e-machine: the correlation lengtt, the recurrence lengtR, and the memory
lengthr. For comparison, we also give these quantities for seveyatalline
structures.

System Ac P r
Example Ar =3 ~ 74 4.8 3
Example By = 4 ~ 7.8 7.3 4
Example C, Golden Mean ~ 45 1.9 1
Example D, Even Process ~ 17 1.9 [e'e)
Example E, ACA 232f = 0.10 ~ 3.9 3.6 9]
3C 00 1 0
2H 00 2 1
6H 00 6 3

1]0.92

Figure 1

Ther = 3 theoretical and experimentaimachine for the Example A process.
The nodes represent CSs and the directed arcs are trag$igomeen them. The
edge labels|p indicate that a transition occurs between the two CSs on sym-
bol swith probability p. The asymptotic probabilities for each CS are given in
parentheses. The large CSC probabilities for $1¢ €SC Pesc([S7]) = 0.92)

and the §,Ss5] CSC (PcsdS2Ss]) = 0.81) suggest that one think of these
cycles as crystal structure and everything else as faulting

12 T T T T T T T T T T
) —— Example A
s 0o N e-Machine T
=
=
S 8 7
—
I
o 6 i
ey
.a 4 — =
o
)
= 2 k /A
=

0 1 | | | | |

0 01 02 03 04 05 06 07 08 09 1 1.1
l
Figure 2

A comparison between the diffraction spediflg generated by Example A and
by ther = 3 spectrally reconstructedmachine. The differences between the
diffraction spectra for Example A and tle= 3 reconstructed-machine are
too small to be seen. We calculd® = 2%, but this is largely due to numerical
error. (See text.) The peak bt~ 1/3 corresponds to the 3C structure and the
two peaks at ~ 1/2 andl = 1 to the 2H structure.
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1 T T T T T T T T

——— Example A
o8 === e-Machine

Figure 3

A comparison of the CFQs(n) between the Example A process andthe 3

reconstructed-machine. As with the diffraction spectra, the differenaestoo
small to be seen on the graph. As an aid to the eye, here antién gitaphs
showing CFs, we connect the the values of adjacent CFs witigkt lines. The

CFs, of course, are defined only for integer values. of

1]0.80

Figure 4

The experimentat-machine for Example B. Since it has a memory 0¥ 4,
we label the states with the last four spins observed:Rg;, means that 1100
were the last four spins. The CST8{s] and [R] give rise to 3C structure and

the CSC R1R3R7R14R12Rs] generates 6H structure.

1]0.92

Figure 5

The reconstructed (theoreticalmachine at = 3 for Example B.

0.8

0.6

Qs(n)

0.4

0.2

Figure 6

——— Example B
***** e-Machine -

A comparison of the CF®s(n) generated by the= 3 reconstructed-machine
(dashed line) and generated by Example B (solid line). Theeagent is excel-

lent.

10

Intensity in arb. units

—— Example B
***** e-Machine ]

Figure 7
A comparison of the diffraction spectté) betweenr = 3 reconstructed-

machine and the process of Example B. The agreement is singlyi good;
we calculate a profil&kR-factor of R = 12%. The small peaks &t~ 1/6 and
| =~ 5/6 correspond to the 6H structure. The= 3 e-machine has difficulty
in reproducing these because the 6H and the 3C structureshatie theS;

and Sy CSs and so require aamachine reconstructed at= 4 to properly

disambiguate them.

Figure 8
The recurrent portion of themachine for the golden mean process, Example
C. The process has a memory lengthr ef 1, and so we label each CS by the

last spin seen.

0|1/2

1]1/2

111
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1 T T T T T T T T T 1]0.50

——— Example C
o8 === e-Machine -

0] 0.50

Figure 12

The recurrent portion of themachine for the even process, Example D. Since
the CSs cannot be specified by a finite history of previoussspia have labeled
themSevenandSygg- We find that this-machine has a statistical complexity of
C. = 0.92 bits.

Figure 9

A comparison of the CFQs(n) generated by the= 1 reconstructed-machine
and the golden mean process of Example C. The CFs decay yjtickheir
asymptotic value of 1/3.
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s 10 e-Machine n ™
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| )_4—/
08 09 1 Figure 13
Ther = 3 reconstructed-machine for the even process of Example D. Since
the even process forbids the sequen¢8d?+10,k = 0,1,2,...} and all
. sequences containing them, it is satisfying to see that 81f@rbidden by
Figure 10 . ! o )
- . . the reconstructed-machine, as evidenced by the missi&igCS. We find that
A comparison of the diffraction spectra for Example C andrieonstructed C. — 258 bits
r = 1 e-machine. The agreement is excellent. One finds a pr&fiactor of we ’
2% between the experimental spectrum, Example C, and tloeetieal spec-
trum calculated from the reconstructeanachine.
1 T T T T T T T T T
—— Example D
o8y === e-Machine -
—~ 06 -
E
S gal _
0.2 - _
1 1 1 1 1

25 30 35 40 45 50

Figure 11

Ther = 2 reconstructed non-minimatmachine for the golden mean pro- Figure 14

cess, Example C. Applying the equivalence relation, eqoafl1l) of (Varn A comparison of the CF®s(n) generated by the= 3 reconstructed-machine
et al, 200%), we find thatS; andSs have the same futures, and thus should be gnd the even process of Example D. The CFs decay quickly itoatsgmptotic
collapsed into a single CS. Doing so gives thmachine in figur&ls. value of 1/3.
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1]0.83

Figure 15

Thee-machine inferred from the exact sequence frequenciescdingal states
are labeled with the (possibly several) histories that ean ko them. We find
thatC,, = 1.92 bits.

6 T T T T T T T T T T

—— Example D
e-Machine

Intensity in arb. units

Figure 16
A comparison between the diffraction spediia generated by the= 3 recon-

structede-machine and by the even process of Example D. The agreement i

good (R = 8%) except in the region.® < | < 0.9. Notably, the diffraction
spectra for the even process has an isolated zdre-di/6.

060010
000TI|T

-
0]0.904

Figure 17

The recurrent portion of the-machine for Example E, ACA 232, witli =
0.10. Thise-machine is sofic, as it prohibits spin domains with an evem-nu
ber of spins. Thig-machine should be compared to the 10 stateachine that
describes ACA 232 for an arbitrary amount of faulting, fig@ref (Varn &
Crutchfield, 2004). For small amounts of faulting, we findttthee CSd, J, G
andH of this lattere-machine collapse in to the C8s F, C andE respectively.

12 T T T T T T T T T T

Example E

10 = ? e-Machine

Intensity in arb. units

Figure 18

A comparison between the diffraction spedifia generated by the= 3 recon-
structede-machine and by Example E, ACA 232, with= 0.10. We calculate

a profileR-factor of R = 8% between the experimental and theoretical diffrac-
tion spectra.

Figure 19

Ther = 3 reconstructed-machine for Example E, ACA 232, with = 0.10.
The large asymptotic state probabilities 5 and Ss, as well as their large
casual state cycle probabilitPcsc([S2Ss]) = 0.81, indicate that this crystal
is predominantly 2H.$>S54S051] and [Ss5S3S57Sg] are characteristic of defor-
mation faulting of the 2H crystal structure.
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1 T T T T T T T T T 0]0.10

Example E
o8t~  TTT= e-Machine .

00TI|T

1]0.11

Figure 20

A comparison of the CFQs(n) generated by the= 3 reconstructed-machine

and Example E, ACA 232.
Figure 21
The reduced theoreticakmachine for Example E. Thismachine should be
compared to the experimentalmachine given in figurEZ17. The CS architec-
ture is nearly identical as are the CS probabilities andsttiams between CSs.
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