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In a recent publication [Phys. Rev. B66 174110 (2002)] we introduced a new tech-
nique for discovering and describing planar disorder in close-packed structures
directly from their diffraction spectra. Here we provide the theoretical develop-
ment behind those results, adapting computational mechanics to describe one-
dimensional structure in materials. We show that the resulting statistical model
of the stacking structure—called theǫ-machine—allows the calculation of mea-
sures of memory, structural complexity, and configurational entropy. By way of
contrast, we give a detailed analysis of the current alternative approach, the fault
model, and offer several criticisms. In the limit of weak faulting, we demonstrate
how various architectural features of theǫ-machine correspond to well-known
structural faults in two common types of crystal, 2H and 3C. The methods devel-
oped here can be adapted to a wide range of experimental systems in which spec-
troscopic data is available.
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1. Introduction

Fundamental to understanding the physical properties of a solid
is a thorough description of its composition and the arrange-
ment of its constituent parts. While chemical analysis pro-
vides information about composition, many complementary
methods—such as X-ray diffraction, electron diffraction,high-
resolution electron microscopy, optical microscopy, and X-ray
diffraction tomography—are essential to discovering the large-
scale structure of crystalline materials. For example, theplace-
ment of Bragg peaks in X-ray diffraction spectra has proved to
be a particularly powerful source of structural information in
ordered solids for nearly a century (von Laue, 1918). For solids
that deviate from a strict periodic ordering of their constituent
atoms, however, the diffraction spectrum typically shows a
weakening and broadening of the Bragg peaks as well as the
appearance of diffuse scattering. As the disorder becomes more
pronounced, the Bragg peaks disappear altogether and leavea
completely diffuse spectrum. The problem of inferring crystal
structure for such disordered materials from X-ray diffraction
has been addressed by many researchers (Frey, 1995; Jagodzin-
ski, 1987; Proffen & Welberry, 1998; Welberry, 1985; Schulz,
1982; Guinier, 1963). In the most general case, however, the
problem remains unsolved. Indeed, it is known that without the
assumption of strict crystallinity, the problem has no unique
solution (Woolfson, 1997).

Many kinds of disorder are present in solids (Hirth & Lothe,
1982; Ashcroft & Mermin, 1976; Kittel, 1996), such as Schot-
tky defects, substitution impurities, screw and edge disloca-
tions, and planar slips. Of these, only planar slips will be consid-
ered here. Planar defects occur in a crystal structure when one
crystal plane is displaced from another by a non-Bravais lattice
vector. These slips can occur during crystal growth or can result
from some stress to the crystal, be it mechanical, thermal, or
even through irradiation (Sebastian & Krishna, 1994). Whenan
otherwise perfect crystal has some planar disorder, the portion
of the structure that cannot be thought of as part of the crystal is
called astacking fault, or more simply, afault. If there is a tran-
sition between two crystal structures, the interface between the
two is also known as a stacking fault, even if each layer can be
thought of as belonging to one of the crystal structures. Many
different kinds of stacking faults have been postulated, includ-
ing growth faults, deformation faults, and layer-displacement
faults (Sebastian & Krishna, 1994; Frank, 1951b; Frey & Boy-
sen, 1981).

Planar defects are surprisingly common in crystals, being
especially prevalent in a broad class of materials know aspoly-
types(Verma & Krisha, 1966; Sebastian & Krishna, 1994; Tri-
gunayat, 1991; Pandey & Krishna, 1982; Frevelet al., 1992).
First discovered in SiC (Baumhauer, 1912), polytypism has
since been found in dozens of materials. Polytypism is the phe-
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1 This is only approximately true (Trigunayat, 1991).
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nomenon of solids built up from identical layers,1 calledmod-
ular layers(MLs) (Varn & Canright, 2001), that differ only in
the manner of the stacking. Typically, one finds that theintra-
ML interactions are relatively strong as compared to theinter-
ML interactions, so that disorderwithin a ML is rare. Energetic
considerations usually restrict the allowed orientationsof MLs
to a discrete set, with only a small energy difference between
two different stackings. Thus, the description of a polytype,
ordered or disordered, formally reduces to a one-dimensional
list—called thestacking sequence—that lists successive orien-
tations encountered as one moves along the stacking direction.

The small energy difference between different stackings
arises because the coordination of the nearest neighbor, next-
nearest neighbor, and sometimes even higher neighbors is often
the same regardless of the stacking arrangement. It is therefore
possible to have many distinct stackings—some periodic and
some not. For several of the most polytypic materials—e.g.,
SiC, ZnS, and CdI2—there are about 150, 185, and 200 known
crystalline structures, respectively. Remarkably, some have unit
cells extending over 100 MLs (Sebastian & Krishna, 1994).
The stacking period of many such polytypes is far in excess
of the calculated inter-ML interactions, which are estimated to
be, for example,∼ 1 ML in ZnS (Engel & Needs, 1990) and
∼ 3 ML in SiC (Chenget al., 1987; Chenget al., 1988; Shaw
& Heine, 1990; Chenget al., 1990). Nearly a dozen theo-
ries have been proposed (Sebastian & Krishna, 1994; Trigu-
nayat, 1991; Frank, 1951a; Pandey & Krishna, 1982; Jagodzin-
ski, 1954; Yeomans, 1988; Pandey, 1989), yet a satisfactoryand
systematic explanation is still lacking for the diversity and kinds
of observed structure.

Much of the interest in polytypism has centered around the
issue of long-range order and the existence of so many appar-
ently stable structures. Reconciling the calculated rangeof
interaction between MLs with the length scale over which orga-
nization appears has been the chief mystery of polytypism. Also
of interest is the characterization of the solid-state transforma-
tions common in many of these materials. While the length
scale on which spatial organization appears in these materials is
easily found for crystal structures, the similar question for disor-
dered structures has not so far been addressed. What is needed
is a model that gives a statistical description of the observed
stacking sequences from which characteristic length parame-
ters are calculable. Finally, from a unified description of both
crystalline and noncrystalline structures, a more comprehensive
picture of polytypism should emerge and hopefully render poly-
typism more amenable to theoretical discussion and analysis.

A significant source of information about the structure of
solids is derived from diffraction spectra. While it can be chal-
lenging to identify crystal structures with units cells over 100s
of MLs, in fact most periodic structures have been identi-
fied (Sebastian & Krishna, 1994). In many polytypes, disor-
dered sequences are also common, and a single crystal can con-
tain regions of both ordered and disordered stackings. The main
goal of this present work is to develop a technique for discover-
ing and describing planar disorder in closed-packed structures
(CPSs) directly from diffraction spectra. A further task isto

detail the connection between our model of disordered struc-
tures and physically relevant parameters derivable from it. We
will then be in a position to treat similar questions about the
possibility of long-range order in disordered structures (Varn
et al., 2006a).

Our development here is organized as follows: in§2 we dis-
cuss and offer several criticisms of the prevailing view of dis-
order in planar structures; in§3 we give a detailed account of
our procedure for discovering and quantifying pattern and dis-
order in CPSs; in§4 we compare our approach to previous
descriptions of disorder in CPSs; and in§5 we give our con-
clusions. In a pair of companion papers we demonstrate the use
of our technique by applying it to several diffraction spectra
from simulated stacking sequences (Varnet al., 2006a), as well
as to the analysis of experimental ZnS diffraction spectra (Varn
et al., 2006b).

2. The Fault Model

The problem of quantifying the effects of planar disorder on
diffraction spectra has a long history (Sebastian & Krishna,
1994). Typically we can divide these approaches into two cate-
gories:direct or indirect. Direct methods make no assumption
about the crystal structure or disorder that may be present in a
specimen, but instead directly extract structural or correlation
information from diffraction spectra. This contrasts to the more
commonly used indirect methods which typically postulate a
crystalline structure permeated by one or more fault structures.
The effects of these faults on the observed diffraction spectrum
are then used to fix the parameters of the model. We review
significant efforts in each these areas in the next two subsec-
tions. We next offer our criticisms of these approaches in the
third subsection and lastly discuss new theoretical techniques in
statistical mechanics which render this inference problemmore
tractable.

2.1. Indirect Methods

Perhaps the first quantitative analysis was given by Landau
and Lifschitz assuming no correlation between MLs (Landau,
1937; Lifschitz, 1937). Wilson provided an analysis of pla-
nar imperfections in hexagonal Co by considering the effect
of the disorder on the Bragg peaks (Wilson, 1942). This
approach is necessarily limited to the case of small amounts
of faulting. Hendricks and Teller treated the problem rather
generally, allowing for different form factors for the different
kinds of MLs, variable spacing between MLs, and correlations
between neighboring MLs (Hendricks & Teller, 1942). Since
their method relies on extensive matrix calculations, it was
found cumbersome and difficult to apply by early researchers.

Jagodzinski developed a theory of diffraction for planar dis-
order by considering nearest-neighbor correlations for general
layered structures (Jagodzinski, 1949a) and for next-nearest
neighbor correlations of CPSs (Jagodzinski, 1949b). By not-
ing the direction, length, and intensity of non-Laue streaks in
X-ray diffraction spectra of Cu-Si alloys, Barrett was ableto
estimate the kind and approximate amount of stacking dis-
order present (Barrett, 1950). Paterson considered the effect
of deformation faults on face-centered cubic crystals (fccor
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3C2) and demonstrated how one can calculate the fraction of
faulted layers from the widths and displacements of the Bragg
peaks (Paterson, 1952). Gevers demonstrated how to calculate
the effects of growth faults with ann-layer influence on the
diffraction spectra of CPSs (Gevers, 1954b). He also demon-
strated how to treat both growth and deformation faults ran-
domly inserted into hexagonal (hcp or 2H) and cubic crys-
tals, as well as deformation faults randomly distributed into 4H
and 6H crystals (Gevers, 1954a). Johnson examined the effects
on the diffraction pattern of random extrinsic faulting (inser-
tion of a ML) in the 3C structure and compared this to the
effects of intrinsic faulting (deletion of a ML) on the Bragg
peaks in the limit of small fault probabilities (Johnson, 1963).
Prasad and Lele considered the effects of faulting on the diffrac-
tion spectra of 4H crystals containing up to nine kinds of ran-
domly distributed faults (Prasad & Lele, 1970). Pandey and
Krishna treated the similar case of the 6H close-packed struc-
ture containing a random distribution of 14 distinct intrinsic
faults (Pandey & Krishna, 1976). They later derived an expres-
sion for the intensity of diffracted radiation from a 2H crys-
tal containing any amount of randomly placed deformation and
growth faults (Pandey & Krishna, 1977). By measuring the
broadening of the diffraction maxima of a SiC crystal they
were able to determine the amount of each kind of faulting.
Michalski developed a general theory for the random distri-
bution of single stacking faults for an arbitrary periodic struc-
ture (Michalski, 1988) and applied it to several hexagonal and
rhombohedral structures (Michalskiet al., 1988).

The theory ofnonrandom faultingwas developed in an
effort to understand experimental data concerning solid-state
transformations from the 2H to the 6H structure in annealed
SiC crystals (Pandeyet al., 1980a; Pandeyet al., 1980b;
Pandeyet al., 1980c). The idea is that the presence of a
fault in a structure affects the probability of finding another
fault in close proximity. By postulating two possible fault-
ing mechanisms—deformation faulting and layer-displacement
faults—Pandeyet al. were able to understand the stacking in
SiC within this model. Similar work was done on the 2H to
3C transformation in ZnS crystals (Sebastian, 1988; Sebas-
tian & Krishna, 1984; Sebastian & Krishna, 1987b; Sebas-
tian & Krishna, 1987c; Sebastianet al., 1982; Sebastian &
Krishna, 1994; Freyet al., 1986; Pandey & Lele, 1986a; Pandey
& Lele, 1986b; Jagodzinski, 1972).

All of the above methods center on finding a relationship,
preferably an analytical one, that relates the observed diffracted
intensity to fault types and probabilities. In order to makea
quantitative estimate of the faulting, typically the placement,
broadening, shape, and symmetry of the Bragg peaks are com-
pared with that expected for a crystal containing a particular
kind of fault. Then the full width at half-maximum (FWHM)
of one or several of the Bragg peaks is used to determine the

fraction of faulting.
Thus, all of these approaches are limited to small amounts of

disorder that preserve the integrity of the Bragg peaks.3 Should
the disorder become sufficiently large, the Bragg peaks become
too broad and do not stand out sufficiently from the diffuse,
background scattering. We call these kinds of approachesindi-
rect, because one begins with a set of postulated faults and then
sorts though them, searching for one or several that best fit the
data.

2.2. Direct Methods

Perhaps the first efforts at adirect method for determin-
ing the structure of disordered close-packed crystals were
given by Dornberger-Schiff (Dornberger-Schiff, 1972) and
Farkas-Jahnke (Farkas-Jahnke, 1973b; Farkas-Jahnke, 1973a).
Dornberger-Schiff gave an algorithm for relating Patterson
values, i.e. fractions of faulted layers from Bragg peaks, to
sequence probabilities but, to our knowledge, did not follow
up with a method for finding the Patterson values from spec-
tra showing diffuse scattering. Farkas-Jahnke used Patterson-
like functions to estimate the frequency of occurrence of layer
sequences up to length five. He was not able to obtain a com-
plete set of equations and this forced the use of inequalities
derived from symmetry arguments that do not generally hold
in disordered crystals. Recently it has been demonstrated that
correlation information can be extracted from powder diffrac-
tion spectra to measure characteristic length parameters in
a faulted crystal (Estevez-Ramset al., 2001a; Estevez-Rams
et al., 2001b; Estevez-Ramset al., 2003).

Unlike the previously considered techniques, these methods
are direct since they make no assumption about underlying crys-
tal structure or the faults it may contain. To our knowledge,
since their introduction three decades ago, neither of the first
two methods have been used to discover stacking structure in
real materials. Hence we do not treat them further here.

2.3. The Fault Model Defined

We refer to the indirect approaches—analyzing a crystal
structure assuming it contains a distribution of stacking errors
or faults—as thefault model(FM) (Varn et al., 2002). To date,
it has been the dominant way in which planar disorder in crys-
tals has been viewed. However, we find a number of difficulties
with the FM, many of which have been recognized by previous
researchers (Gosk, 2000; Proffen & Welberry, 1998; Palosz &
Przedmojski, 1976; Farkas-Jahnke, 1973b; Treacyet al., 1991;
Michalski, 1988). Our objections to the FM and the way it has
been used to discover structural information are severalfold.

(i) The FM assumes a parent crystal.For the FM to make
sense, it is necessary to assume some crystal structure in which
to introduce faulting. This may be satisfactory for weakly

2 For close-packed crystal structures it is common to use the Ramsdell notation, nX, where n gives the total number of MLs inthe unit cell and X specifies the crystal
symmetry. We use H to denote hexagonal symmetry, C for cubic,R for rhombohedral and L if the symmetry is unknown. This notation is not necessarily unique for
some longer period polytypes. We will use the Ramsdell notation to specify crystal structures. The equivalents in the H¨agg notation are given in Table 2. For a more
complete discussion, see (Sebastian & Krishna, 1994).
3 An exception to this is thedisorder model(Jagodzinski, 1949b). This approach has several features in common with our own and can in fact be thought of as a
constrained case of our approach.

3



international union of crystallography

faulted crystals, but for those with significant disorder or
those undergoing a solid-state phase transition to anothercrys-
tal structure (Freyet al., 1986; Jagodzinski, 1972; Kabra &
Pandey, 1995; Krishna & Marshall, 1971a; Krishna & Marshall,
1971b; Pandey & Lele, 1986a; Pandey & Lele, 1986b; Pandey
et al., 1980a; Pandeyet al., 1980b; Pandeyet al., 1980c; Sebas-
tian et al., 1982; Sebastian & Krishna, 1987b; Sebastian &
Krishna, 1987c; Sebastian & Krishna, 1987a; Sebastianet al.,
1987; Shrestha & Pandey, 1996a; Shrestha & Pandey, 1996b;
Shresthaet al., 1996; Shrestha & Pandey, 1997), this picture is
untenable.

(ii) Each parent crystal must be treated separately.Since the
FM introduces stacking “mistakes” into a parent crystal, each
kind of parent crystal must be treated individually. There has
been significant work on only two CPSs; namely, the 2H and
3C. In polytypism hundreds of other crystalline structuresare
known to exist. In the FM, each must be analyzed separately by
postulating appropriate crystal-specific kinds of defects. Given
this degree of complication, it is desirable to find a theoretical
framework that unites the description of the various kinds of
fault and parent structure into a single, coherent picture.

(iii) In practice, the FM treats only the Bragg peaks quan-
titatively, effectively ignoring the diffuse scattering.Most
researchers use formulæ that give the FWHM of Bragg peaks
in terms of the fraction of certain postulated defects to findthe
amount of faulting. Some do acknowledge that diffuse scatter-
ing is important, but to our knowledge none use the diffuse scat-
tering toquantitativelymeasure crystal structure.4

(iv) The FM is unable to capture the variety of naturally occur-
ring stacking sequences.By assuming a small set of possible
ways that a parent structure can deviate from crystallinity, the
FM necessarily assumes that there are stacking sequences that
do not occur. It is desirable to have an approach that considers
as many candidate structures as possible with as fewa priori
restrictions as possible.

(v) The FM’s description of the disorder is not unique.It is pos-
sible to give two different faulting schemes that describe the
same weakly faulted material (Varnet al., 2002). This is readily
seen by noting that the layer-displacement fault in a 2H crystal
can be viewed as two adjacent, but oppositely oriented defor-
mation faults.

2.4. Computational Mechanics

Our method of discovery and quantification of planar struc-
ture and disorder in crystals overcomes all of these difficulties
for the special but important case of CPSs. We do not assume an
underlying crystalline structure. Indeed, we make no assump-
tions at all about either the crystal or fault structure thatmay
be present. Instead, we find the frequency of occurrence of all
possible stacking sequences up to a given length and use this
to construct a model that captures the statistics of the stack-
ing sequence. In this sense, we directly determine the stack-
ing structure. Our scheme for describing planar disorder unites

both fault and crystal structure into a single framework. There
is no need to treat each crystal structure or faulting schemesep-
arately. Our method treats any amount and kind of planar disor-
der present. Finally, we quantitatively use all of the information
contained in the diffraction spectra, both in Bragg peaks and in
diffuse scattering, to build a unique model of the stacking struc-
ture. This model doesnot find the particular stacking sequence
of the specimen that generated the diffraction pattern—this is
not possible from diffraction spectra alone—but rather finds the
statistical regularities across an ensemble of stacking sequences
that could have given rise to the observed spectra. This is the
best that can be done, in principle.

The history of discovering planar disorder in crystals is one
of consistent, incremental progress over nearly seventy years.
There are two factors, however, that have hindered progressin
this area. The first is calculational. Much of the early work
centered on finding analytical expressions for the diffracted
intensity of a given crystalline structure permeated with a
particular fault type. With the advent of modern numerical
and symbolic calculational methods and the concomitant abil-
ity to estimate diffraction patterns from any arbitrarily lay-
ered structure (Treacyet al., 1991), much of this early work
has been superseded. The second hindrance to progress has
been a lack of fundamental understanding of structure and
disorder in one-dimensional sequences generated by nonlinear
dynamical systems. Recently, however, a unifying framework
has been introduced in the theory ofcomputational mechan-
ics (Crutchfield & Young, 1989; Crutchfield & Feldman, 1997;
Crutchfield & Feldman, 2003; Feldman & Crutchfield, 1998;
Shalizi & Crutchfield, 2001; Young, 1991; Hansen, 1993; Feld-
man, 1998).

Computational mechanics is an approach to discovering,
describing, and quantifying patterns. It provides for the con-
struction of the minimal and unique model for a process that
is optimally predictive; this model is called anǫ-machine. A
process’sǫ-machine is minimal in the sense of requiring the
fewest model components to represent the process’s structures
and disorder; it is optimal in the sense that no alternative repre-
sentation is more accurate; and it is unique in the sense thatany
alternative which is both minimal and optimally predictiveis
isomorphic to it. Anǫ-machine’s algebraic structure captures a
process’s symmetries and approximate symmetries. From anǫ-
machine measures of a process’s memory, entropy production,
and structural complexity can be found. We demonstrate else-
where (Varnet al., 2006b) that knowledge of theǫ-machine and
the energy coupling between MLs allows one to calculate the
average stacking energy for a disordered polytype.

Before being adapted to the present application of disorder
in crystals, computational mechanics had been used to analyze
structural complexity in a wide range of nonlinear processes,
such as cellular automata (Hansen, 1993; Hanson & Crutch-
field, 1997; Hordijket al., 2001), the logistic map (Crutchfield
& Young, 1989; Young, 1991), and the one-dimensional Ising
model (Feldman, 1998; Crutchfield & Feldman, 1997), as well

4 There are other techniques for discovering structure in solids that do use the diffuse scattering quantitatively, suchas reverse Monte Carlo (RMC) simulation (Keen
& McGreevy, 1990). The application of RMC to the discovery ofplanar disorder in CPSs is a current topic of research.
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as to experimental physical systems, such as the dripping
faucet (Gonçalveset al., 1998), atmospheric turbulence (Palmer
et al., 2000), and geomagnetic data (Clarkeet al., 2003). Addi-
tionally, information theoretic ideas have been applied tothe
problem of polytypism (Estevez-Ramset al., 2003) and hidden
Markov models have been used to treat the problem of elec-
tron transport in mesoscopic systems (Kanteret al., 2005). In
the present setting, this latter example can be thought of asa
special case ofǫ-machines. Finally, computational mechanics
has also been used to quantify structure and self-organization in
two dimensional patterns (Feldman & Crutchfield, 2003), andto
distinguish between healthy and diseased brain function (Young
et al., 2005).

3. ǫ-Machine Spectral Reconstruction

Previous techniques ofǫ-machine reconstruction have used
a sequence of data produced by the process (Crutchfield &
Young, 1989; Hansen, 1993; Crutchfield, 1994; Shaliziet al.,
2002). Here, the experimental signal comes in the form of a
power spectrum, and we need to develop a technique to infer
the ǫ-machine from this type of data. We call this new class
of inference algorithmsǫ-machine spectral reconstruction—
abbreviatedǫMSR and pronounced “emissary”. We emphasize
that our goal remains unchanged—to find the process’s under-
lying description. It is only the inference procedure that is
changed. In this section we give a detailed account ofǫMSR
as applied to the problem of discovering pattern and disorder in
CPSs.

We divide ǫMSR into five steps. First, we extract corre-
lation information from a diffraction spectrum. Second, we
use this to estimate stacking-sequence probabilities of a given
length. Third, we reconstruct anǫ-machine from this distribu-
tion. Fourth, we generate a diffraction spectrum from theǫ-
machine. And, finally, we compare thisǫ-machine spectrum to
the original. If there is insufficient agreement, we repeat the sec-
ond through fourth steps, estimating stacking-sequence proba-
bilities at a longer length, building a newǫ-machine, and again
comparing with the original spectrum. In the final two subsec-
tions, we give relations that can be used to determine the quality
of experimental data and briefly review several information- and
computation-theoretic quantities of physical import thatcan be
directly estimated from the reconstructedǫ-machine.

3.1. Correlation Factors from Diffraction Spectra

We start with the conventional assumptions concerning poly-
typism in CPSs. Namely, we assume that

• the MLs themselves are undefected and free of any dis-
tortions;

• the spacing between MLs does not depend on the local
stacking arrangement;

• each ML has the same scattering power; and
• the faults extend completely across the crystal.

We make the additional assumption that the probability of find-
ing a given stacking sequence in the crystal remains constant

through the crystal. [In statistics parlance, we assume that the
process isstationary.]

Let N be the number of hexagonal, close-packed MLs, with
each ML occupying one of three orientations, denotedA, B,
or C (Ashcroft & Mermin, 1976; Kittel, 1996; Sebastian &
Krishna, 1994). We introduce three statistical quantities, Qc(n),
Qa(n) and Qs(n): the two-layercorrelation functions(CFs),
wherec, a, andsstand forcyclic, anti-cyclic, andsame, respec-
tively (Yi & Canright, 1996).Qc(n) is defined as the probability
that any two MLs at a separation ofn are cyclically related. By
cyclic, we mean that if theith ML is in orientationA (B,C), say,
then the(i +n)th ML is in orientationB (C,A). Qa(n) andQs(n)
are defined in a similar fashion. Since these are probabilities,
0 ≤ Qα(n) ≤ 1, whereα ∈ {c, a, s}. Additionally, at eachn it
is clear that

∑

α
Qα(n) = 1.

With these assumptions and definitions in place, thetotal
diffracted intensityalong the 10.l can be written as (Guinier,
1963; Berliner & Werner, 1986; Yi & Canright, 1996)

I(l) = ψ2(l)

(

sin2(πNl)

sin2(πl)
− 2

√
3

∑N
n=1

{

(N − n) ×
[

Qc(n) cos(2πnl +
π

6
)

+ Qa(n) cos(2πnl − π

6
)
]

}

)

, (1)

wherel is a continuous variable that indexes the magnitude of
the perpendicular component of the diffracted wave,k = 2πl /c,
andc is the spacing between adjacent MLs.5 ψ2(l) is a func-
tion that accounts for atomic scattering factors, the structure
factor, dispersion factors, or any other effects for which the
experimentally obtained diffraction spectra may need to becor-
rected (Hahnet al., 1992; Woolfson, 1997; Milburn, 1973).

It is convenient to work with the intensity per ML, instead of
the total intensity, so we define the corrected diffracted intensity
per ML, I(l), as

I(l) =
I(l)

ψ2(l)N
. (2)

We will always useI(l) unless otherwise noted and simply call
this thediffracted intensity. Observe that the diffracted intensity
I(l) integrated over any unitl -interval is unity regardless of the
particular values of the CFs (Varn, 2001). We may then use this
fact to normalize experimental data.

The form of Eqs. (1) and (2) suggests that the CFs can be
found from the diffraction pattern by Fourier analysis (Varn,
2001; Varnet al., 2002; Estevez-Ramset al., 2003; Estevez-
Ramset al., 2005). Let us defineX(n) andY(n) as

X(n) =

∮

I(l) cos(2πnl) dl (3)

and

Y(n) =

∮

I(l) sin(2πnl) dl , (4)

5 We use the standard notation conventions here. See (Guinier, 1963) and references therein for a discussion of typical geometries and notations. We setH = h1 = 1
andK = h2 = 0 as is typically reported from experiment. The stacking direction is perpendicular to the faulted planes. Note that ourdefinition of l (see text) differs
from that of many authors (Sebastian & Krishna, 1994).
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where the small circle in the integral sign indicates that the inte-
gral is to be taken over a unit interval inl . It is possible to
show (Varn, 2001) that in the limitN → ∞

Qc(n) =
1
3
− 1

3

[

X(n) −
√

3Y(n)
]

(5)

and

Qa(n) =
1
3
− 1

3

[

X(n) +
√

3Y(n)
]

. (6)

Thus, the CFs can be found by Fourier analysis of the diffrac-
tion spectrum.

3.2. Estimating the Stacking-Sequence Distribution

In the second part of our approach, we estimate the distri-
bution of stacking sequences from the two-layer CFs. First,
though, we must consider what kind of information the CFs
contain about stacking sequences. Therefore let us define the
stacking processas the effective stochastic process induced by
scanning the stacking sequence along the stacking direction.
It is convenient to represent the stacking sequence in terms
of the Hägg notation (Sebastian & Krishna, 1994), where one
replaces the set of allowed orientations{A,B,C} of a ML with
a binary alphabetA = {0, 1}. On moving from theith to the
(i + 1)th ML, we label each inter-ML transition orspin (Varn
& Canright, 2001) as “1” if the two MLs are cyclically related
[A → B → C → A] and “0” if the two MLs are anti-cyclically
related [A → C → B → A]. Thus, the stacking constraint
that no two adjacent MLs may have the same orientation [A,B
or C] is built into the notation. There is a one-to-one map-
ping between the stacking orientation sequence and the spin
sequence, up to an overall rotation of the crystal; and we use
them interchangeably.

We estimate the probability distribution P(ω) of finding
sequencesω averaged over the sample by considering a series
of constraints on the sequence probabilities. Some of these
constraints are simple consequences of the mathematics; some
come from the CFs themselves. From conservation of probabil-
ity, we have

P(u) = P(0u) + P(1u) = P(u0) + P(u1) , (7)

for all u ∈ Ar , whereAr is the set of all sequences of lengthr
in the Hägg notation. Additionally, we require that the sumof
all probabilities of sequences of lengthr +1 be normalized,i.e.,

∑

ω∈Ar+1 P(ω) = 1 . (8)

Equations (7) and (8) together provide 2r constraints among the
2r+1 possible stacking sequences of lengthr + 1.

The remaining 2r constraints come from relating CFs to
sequence probabilities via the relations

Qα(n) =
∑

ω∈An
α

P(ω) , (9)

whereAn
α

is the subset of length-n sequences that generate a
cyclic (α = c) or an anti-cyclic (α = a) rotation between MLs

at separationn. A sequence generates a cyclic (anti-cyclic) rota-
tion between MLs at separationn if 2m− n = 1 (mod 3),
wherem is the number of 1s (0s) in the sequence. We take as
many of the relations in Eq. (9) as necessary to form a complete
set of equations to solve for P(ω). For r = 1 andr = 2 the sets
of equations are linear and admit analytical solutions. Atr = 3,
the first nonlinearities appear due to the necessity of usingCFs
at n = 5 to obtain a complete set of equations. We rewrite the
conditional probabilities atn = 5 in terms of those atn = 4 via
relations of the form

P(s0s1s2s3s4) = P(s0s1s2s3)P(s4|s0s1s2s3)

≈ P(s0s1s2s3)P(s4|s1s2s3)

=
P(s0s1s2s3)P(s1s2s3s4)

P(s1s2s30) + P(s1s2s31)
, (10)

where, in the second line, the approximation is invoked (Badii &
Politi, 1997). We refer to this approximation asmemory-length
reduction, as it effectively limits the memory that we consider
in order to obtain a complete set of equations. At fixedr, the
set of equations describes the stacking sequence as anr th-order
Markov process.

We refer collectively to the set of Eqs. (7), (8), and (9) as
thespectral equations at a given r.In Appendix A, we give the
analytical solutions for ther = 1 andr = 2 spectral equations;
we write out the spectral equations forr = 3. Since this latter
set of equations is nonlinear, numerical techniques are needed
to solve them for each particular set of CFs.

3.3. ǫ-Machine Reconstruction from the Stacking Process

In the third part of our approach, we infer the stacking pro-
cess’sǫ-machine from the estimated distribution of stacking
sequences.

Suppose we know the probability distribution P(ω) of stack-
ing sequencesω = . . . s−2s−1s0s1s2 . . ., wheresi ∈ A andω is
a stacking sequence in the Hägg notation. Then at each ML we
define the “past”

←
ω as all the previous transitionssi seen and the

“future”
→
ω as those transitionssi yet to be seen: that is,ω =

←
ω
→
ω .

The effective states orcausal states(CSs) of the stacking pro-
cess are defined as thesetsof pasts

←
ω that lead to statistically

equivalent futures:

←
ω i ∼ ←

ω j if and only if P(
→
ω | ←ω i) = P(

→
ω | ←ω j) , (11)

for all futures
→
ω , where P(

→
ω | ←ω i) is the conditional probability

of seeing
→
ω having just seen

←
ω i (Crutchfield & Young, 1989;

Crutchfield, 1994; Shalizi & Crutchfield, 2001).
As a default set of CSs, we initially assume that each history

of lengthr forms a unique CS. So, forǫMSR atr, we begin with
2r CSs, each labeled by its unique length-r history. We refer to
this set of CSs ascandidate causal states, as they may not be the
true CSs that describe the stacking process. We now estimatethe
state-to-state transition probabilities between candidate CSs as
follows. Define thetransition matricesT(s)

Si→S j
as the probabil-

ity of making a transition from a candidate CSSi to a candidate
CSS j on seeing spins. If we label each past by the lastr spins
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seen, then this implies that only transitions of the forms0v → vs
are allowed, wherev ∈ Ar−1. All other transitions are taken to
be zero. Then we can write the transition matrix as

T
(s)
Si→S j

= T
(s)
s0v→vs. (12)

We estimate these transition probabilities from the conditional
probabilities,

T
(s)
s0v→vs ≈ P(s|s0v)

=
P(s0vs)
P(s0v)

. (13)

We now apply the the equivalence relation, Eq. (11), to merge
histories with equivalent futures. The set of resulting CSs, along
with the transitions between states, defines the process’sǫ-
machine. This is the minimal, unique description of the stacking
process that optimally produces the stacking distributionP(ω).
At this point, we should refer to this as thecandidateǫ-machine,
as it will reproduce the CFs used to find it, but it may fail to
reproduce CFs at largern satisfactorily. We address this issue of
agreement between theory and experiment in§3.5.

3.4. Correlation Functions and Diffraction Spectra from the
Reconstructed ǫ-machine

In the fourth part, we use the reconstructedǫ-machine to gen-
erate CFs and diffraction specta. This is most simply accom-
plished by using the reconstructedǫ-machine to generate a
sample spin sequenceM spins long in the Hägg representa-
tion. One can then change representations by mapping this
spin sequence to a stacking-orientation sequence in theABC
notation. CFs can be found directly by scanning the stacking-
orientation sequence.6 The diffraction spectrum is readily cal-
culated from Eqs. (1) and (2). It has been shown that for suffi-
ciently largeM, the diffraction spectrum for diffuse scattering
scales asM (Varn, 2001), so that the number of MLs used to
calculate the diffraction spectrum is not important, ifM is suf-
ficiently large [say, 10 000]. To reduce the error due to fluctu-
ations, it is desirable to use as long a sequence as possible to
find the CFs. In this way, theǫ-machine’s predicted CFs and
diffraction spectrum can be calculated.

It is worth repeating that our method ofǫ-machine recon-
struction is novel in the sense that we do not estimate sequence
probabilities from a long string of symbols generated by the
process, as has been done previously (Crutchfield & Young,
1989; Hansen, 1993; Crutchfield, 1994; Shaliziet al., 2002).
Rather we use the two-layer CFs obtained from Fourier analy-
sis of the diffraction spectra. In this way,ǫMSR is accomplished
purely from spectral information.

3.5. Comparing Original with ǫ-Machine Diffraction Spectra

In the fifth and final part, we compare the CFs and diffraction
spectrum predicted by theǫ-machine to those of the original

spectrum. If there is not sufficient agreement, we incrementr
and repeat the reconstruction and comparison.

More precisely, in comparing the diffraction spectrum pre-
dicted by the reconstructedǫ-machine (theory) with the origi-
nal spectrum (experiment), we need a quantitative measure of
the goodness-of-fit between them. We use theprofileR-factor,7

which is defined as

R =

∮
∣

∣IǫM(l) − Iexp(l)
∣

∣ dl
∮

IǫM dl
× 100%, (14)

whereIǫM(l) is theǫ-machine diffraction spectrum andIexp(l) is
the experimental diffraction spectrum. Notice that the denomi-
nator is unity due to normalization.

It is important, however, not to over-fit the original data, so
we should not seek a fit that is closer than experimental error.
Let us defineδIexp(l) as the fluctuation-induced error in the
diffracted intensity as a function ofl . Then thespectral error
Rerr can be defined as

Rerr =

∮
∣

∣δIexp(l)
∣

∣ dl
∮

Iexpdl
× 100%. (15)

Notice that the denominator once again reduces to unity due
to normalization.Rerr gives a measure of how two diffraction
spectra taken from the same sample over the same interval will
differ from each other. Clearly, we do not wish to seek anǫ-
machine that gives better agreement than this. So our criteria
for stopping reconstruction is when|R − Rerr| ≤ Γ, where the
acceptable-error thresholdΓ is set in advance.

3.6. Figures-of-Merit for Spectral Data

An issue we have so far neglected is the CFs’ independence.
In order to solve the spectral equations, part 3 inǫMSR (§3.3),
we need 2r+1 independent constraints. It is therefore important
to identify and avoid using any redundancies inherent in theCFs
to solve the spectral equations. Rather than finding this a hin-
drance, any relations that CFs obey can be exploited to assess
the the quality of experimental data over a givenl -interval. We
find that, as a result of stacking constraints and conservation of
probability, there are two equalities that the CFs must satisfy.
We develop and define these measures here.

We find the first by observing that, atn = 1, due to stacking
constraints,Qc(1) + Qa(1) = 1. Adding Eqs. (5) and (6) with
n = 1 immediately givesX(1) = −1/2. This suggests that we
define afigure-of-meritγ as

γ =

∮

I(l) cos(2πl) dl . (16)

γ can be used to evaluate the quality of experimental spec-
tra. For an ideal, error-free spectrum,γ = −1/2. Since many
spectra are known to contain some systematic error (Pandey
et al., 1987; Sebastian & Krishna, 1994), the amount by which
γ deviates from−1/2 can be used to assess how corrupt the data
is over a given unitl -interval.

6 There are other techniques one can use use to find CFs fromǫ-machines. See (Varnet al., 2006a).
7 Our definition of the profileR-factor differs somewhat from that used by other authors (Berliner & Werner, 1986). We perform an integral over a unitl-interval
instead of summing the magnitude of the difference between theory and experiment. Also, we find it convenient to compare thecorrected diffraction intensitiesI(l),
rather than thetotal diffracted intensity I(l) as is done elsewhere. Our definition remains true to the spirit of the original, however.
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To find the second constraint, we observe that Eq. (7), with
r = 1 andu = 0, gives P(01) = P(10). We therefore find
from Eq. (8) that P(00) + 2P(01) + P(11) = 1. We can write
P(01) = P(1) − P(11). This implies that

P(00) + 2P(1) − P(11) = 1 . (17)

Making the identification from Eq. (9) thatQc(1) = P(1),
Qa(2) = P(11), andQc(2) = P(00) gives

2Qc(1) + Qc(2) − Qa(2) = 1 . (18)

This suggests that we define a secondfigure-of-meritβ to be

β = 2Qc(1) + Qc(2) − Qa(2) . (19)

β should be unity for error-free data. This can also be used
to evaluate the quality of the experimental data over a given
unit l -interval. Together,γ andβ are the figures-of-merit over a
unit l -interval for a diffraction spectrum. Therefore, in the first
part ofǫMSR (§3.1) we evaluate each over candidatel -intervals
and choose an interval forǫ-machine reconstruction that gives
figures-of-merit best in agreement with the theoretical values.
These two constraints on the CFs imply that only two out of the
first four correlation functions,Qc(1), Qa(1), Qc(2), andQa(2)
are independent. We choose to take then = 2 terms as the inde-
pendent parameters in the spectral equations.

This completes our presentation ofǫMSR. The overall proce-
dure is summarized in Table 1.

3.7. Measures of Structure and Intrinsic Computation

There are a number of different quantities in computa-
tional mechanics that describe the way information is processed
and stored. (Crutchfield & Feldman, 2003; Shalizi & Crutch-
field, 2001). We consider only the following.

Memory Length rl : The value ofr that results at the termination
of ǫMSR is an estimate of the stacking process’smemory length,
denotedr l , since it is the number of MLs that one must use to
optimally represent the process’s sequence statistics [given the
accuracy of the original spectrum].

Statistical Complexity Cµ: The minimum average amount of
memory needed to statistically reproduce a process is knownas
the statistical complexityCµ. Since this is a measure of mem-
ory, it has units of [bits]. It is the Shannon information stored in
the set of CSs:

Cµ = −∑

σ∈S P(σ) log2 P(σ) , (20)

whereS is the set of CSs for the process and P(σ) is the asymp-
totic probability of CSσ. The latter is the left eigenvector,
normalized in probability, of the state-to-state transition matrix
T =

∑

s∈A T
(s). Physically, the statistical complexity is related

to theaveragenumber of previous spins one needs to observe on
scanning the spin sequence to make an optimal prediction of the
next spin. The statistical complexity is also related to a general-
ization of the stacking period for non-periodic processes (Varn
et al., 2006a).

Entropy Rate hµ: The amount of irreducible randomness per
ML after all correlations have been accounted for. It has units of
[bits/ML]. It is also known as thethermodynamic entropy den-
sity in statistical mechanics and themetric entropyin dynamical
systems theory. It is given by the average per-state uncertainty:

hµ = −∑

σ∈S P(σ)
∑

s∈A T
(s)
σ→σ′

log2 T
(s)
σ→σ′

, (21)

whereσ′ is the CS reached fromσ upon seeing spins. Physi-
cally,hµ is a measure of the entropy associated with the stacking
process.

Excess EntropyE: The amount ofapparentmemory in a pro-
cess. The units ofE are [bits]. It is defined as the amount of
Shannon information shared between the left and right halves
of a stacking sequence:

E =
∑

ω
P(ω) log2

P(ω)

P(
←

ω )P(
→

ω )
. (22)

Note that (Feldman & Crutchfield, 1998; Crutchfield & Feld-
man, 2003) for range-r Markov processes, these quantities are
related by

Cµ = E + rhµ . (23)

For general nonfinite-range Markov processes, at present all
that can be said is that the statistical complexity upper bounds
the excess entropy:E ≤ Cµ (Shalizi & Crutchfield, 2001).

4. ǫ-Machine and Fault Model Structural Analyses

Now that a statistical description of the stacking process has
been found in the form of anǫ-machine, it is desirable to give
an intuitive notion of what the structure of theǫ-machine tells
us about the patterns and disorder in a stacking process. In this
section, we define and discuss architectural features ofr = 3 ǫ-
machines and their relation to the FM. Specifically, we detail the
form that growth, deformation, and layer-displacement faulting
for the 2H and 3C structures assume on anr = 3 ǫ-machine.
With this connection in place, we then address the general inter-
pretation ofǫ-machines as related to the stacking of CPSs.

4.1. Causal-State Cycles

4.1.1. Definitions Since theǫ-machine reconstructed atr
can distinguish at most only 2r pasts, it can have no more
than 2r CSs. The most general reconstructedǫ-machine of
memory lengthr is topologically equivalent to ade Bruijn
graph (Teubner, 1990) of orderr. By “most general” we mean
that all length-r pasts are distinguished and all allowed tran-
sitions between CSs exist. Under these assumptions, the most
general binaryr = 3 ǫ-machine [which has 23 = 8 CSs and
23+1 = 16 transitions] is shown in Fig. 1. It is known that
de Bruijn graphs can broken into a finite number of closed,
nonself-intersecting loops calledsimple cycles(SCs) (Canright
& Watson, 1996).

By analogy, we define acausal-state cycle(CSC) as a
finite, closed, nonself-intersecting, symbol-specific path on an
ǫ-machine. We denote a CSC by the sequence of CSs visited
in square brackets [ ]. The states themselves are labeled with a
number (in binary notation) that gives the sequence of the last
three spins leading to that CS. For example, for anr = 3 recon-
structedǫ-machine, CSS3 means that 011 were the last three

8



international union of crystallography

spins observed before reaching that CS. Theperiodof the CSC
is the number of CSs that comprise it.

We further divide CSCs intostrongandweakdepending on
the strengths of the transitions between the CSs that make upthe
CSC. Thecausal-state cycle probability PCSC is defined as the
cumulative probability to complete one loop of a CSC, begin-
ning on the CSC. We identify CSCs with largePCSC as strong
CSCs and all others as weak CSCs.

4.1.2. Structural Interpretations We begin by noting that
a purely crystalline structure is simply the repetition of a
sequence of MLs. This is realized on anǫ-machine as a CSC
with a PCSC = 1. That is, anǫ-machine consisting of a single
CSC repeats the same state sequence endlessly, giving a peri-
odic stacking sequence, which physically is some crystal struc-
ture. It is therefore useful to catalog all of the possible CSCs
on anr = 3 ǫ-machine, and this is done in Table 2. There are
19 CSCs on anr = 3 ǫ-machine, and each can be thought of
as a crystal structure if that CSC is strongly represented. [These
should be verified by tracing them out on Fig. 1.]

However, if a nearly perfect crystal has a few randomly
inserted stacking errors, these “mistakes” are physicallyan
interruption of the regular ordering of MLs. That is, some error
occurs, but after a relatively short distance the crystal returns to
its regular stacking rule, thus restoring the crystalline structure.
This is realized on anǫ-machine as a CSC withPCSC(crystal) ≈
1 and another weakly represented CSC withPCSC(fault) ≪ 1.
In this way, we interpret weakly represented CSCs as faults.

With this understanding in place, we note that anǫ-machine
can quite naturally accommodate more than one crystal struc-
ture. Each such CSC must have aPCSC(crystal) ≈ 1, but they
can be “connected” through a weak CSC, [PCSC(fault) ≪ 1].
However, to interpret two CSCs as crystalline structure, each
must havePCSC(crystal) ≈ 1, and therefore necessarily theydo
not share a CS. [If they did, at least one CSC could not have
a PCSC(crystal) ≈ 1.] Similarly, ǫ-machines can accommodate
more that one faulting structure.

4.2. Faulting Structures on ǫ-Machines

As we did with crystal structures on anr = 3 ǫ-machine, it is
instructive to identify some of the more common faults on the
most generalr = 3 ǫ-machine. We will consider only 2H and
3C structures with growth, deformation, and layer-displacement
faults; but the extension to other crystal and fault structures is
straightforward. We will only give the faulting structure on an
ǫ-machine to first order in the faulting probability, so that the
basic graphical structure is clear. Thus, the connection with the
FM is valid only for weak faulting; which is consistent with the
FM’s domain of applicability. Theǫ-machine, however, is valid
for any degree of disorder, it is only the connection to the FM
that is limited to weak faulting.

We also note that the faults on theǫ-machine in this inter-
pretation are such that the occurrence of two adjacent faults is
suppressed. If the probability of encountering a fault on a ML is
(say)p, then the probability of two adjacent faults isp2. That is,
in our attempt to use the FM to interpret the structures captured

by anǫ-machine, we ignore these higher-order terms. Thus, the
issue of random versus nonrandom faulting in polytypism is not
addressed here. But, again, we note that theǫ-machine descrip-
tion quite naturally describes random, nonrandom, and periodic
faulting structures (Sebastian & Krishna, 1994).

4.2.1. Growth Faults Crystal growth often proceeds by a
layer-addition process. Suppose a ML is added that cannot be
thought of as a continuation of the previous crystal structure,
but the MLs added subsequent to that ML return to the original
stacking rule. Such a ML inserted into the sequence is calleda
growth fault. For the 2H structure, the rule is that the added ML
has the same orientation as the next-to-last ML. For example,
imagine an unfaulted 2H crystal, consisting ofA andB MLs,
is ...ABABAB.... Then a growth fault in this structure is aB ML
followed by aC ML. The remaining MLs continue to follow the
2H stacking rule, giving an overall stacking sequence such as

...A B A B A B CB C B C B... ,

where underlining indicates the fault plane.
Notice that the original crystal is composed of alternatingA

andB MLs, while after the fault it becomes a sequence of alter-
natingB andC MLs. In terms of the Hägg notation, a growth
fault for the 2H crystal corresponds to the insertion of a sin-
gle 0 or 1 into the spin sequence. For example,...01010101...
becomes...010110101... upon insertion of a 1, where the under-
lining indicates the inserted spin.

This can be demonstrated on theǫ-machine shown in Fig. 2
with small faulting probabilitiesa and b. This ǫ-machine
implies that [S2S5] is dominant, which is simply the 2H struc-
ture. With small faulting probabilitiesa or b, a 0 or a 1, respec-
tively, is randomly inserted into the 2H crystalline structure.
[We do note that it is possible to express growth faults of the
2H structure on ar = 1 ǫ-machine. But since most of the sam-
ples of practical interest have more structure than growth faults,
and hence need ar = 3 ǫ-machine, we detail their structure on
this largerǫ-machine.]

In the 3C structure, the stacking rule is that the added ML
is different from the previous two MLs. There are, of course,
two distinct, symmetry-related 3C structures; one being the
...ABCABC... and the other its spatial inversion...CBACBA....
The spin sequences for these are...1111... and ...0000...,
respectively. A growth fault for this crystal gives a stacking
sequence such as

...A B C A B CB A C B A... ,

where underlining again indicates the fault plane. It is conven-
tional to take the indicated ML as the fault plane since it is
the only ML in the cubic stacking sequence that is hexago-
nally related to its neighbors. In terms of Hägg notation, the
sequence is...11111|00000..., where the vertical line indicates
the fault plane. The effect of a growth fault in a 3C structureis
then to switch from 3C structure of one chirality to another or
to flip all spins after the fault plane. This fault is also known
as atwin fault of the 3C structure, because it produces a crys-
tal containing both kinds of 3C sequences. This growth faultis
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demonstrated in Fig. 3 with small faulting probabilitiesa andb.
[S7] and [S0] correspond to the two twinned 3C structures, with
the transition sequences connecting them having a small total
probability. [Again, it is possible to express growth faults of the
3C structure on ar = 1 ǫ-machine.]

4.2.2. Deformation Faults Other faults can occur after a
crystal structure has been formed. Caused by external stresses
or inhomogeneous temperature distributions within the crystal,
deformation faultsare the result of one plane in the crystal slip-
ping past another in a direction transverse to the stacking.An
example of deformation faulting in the 2H structure is the fol-
lowing:

...A B A B|C A C A C A... .

The vertical bar indicates the plane across which the slip
occurred. In the Hägg notation a deformation fault in the 2H
structure is realized by flipping a spin. In this example, the
unfaulted sequence ...10101010... transforms to ...10111010...,
where again the underlined spin demarcates the one flipped. The
ǫ-machine representation of this fault is shown in Fig. 4.

In the 3C structure, deformation faults appear much the same.
An example of a deformation fault in a 3C structure is

...A B C A B C| B C A B C A...

The vertical bar again indicates the slip plane. Expressed in
spin notation, the unfaulted 3C crystal...11111111... becomes
...11110111..., a single spin flip. The two correspondingǫ-
machines are shown in Fig. 5.

4.2.3. Layer-Displacement Faults Characterized by a shift-
ing of one or two MLs in the crystal while leaving the remain-
der of the crystal undisturbed,layer-displacement faultsdo not
disrupt the long-range order present in a structure. They are
thought to be introduced at high temperatures by diffusion of
the atoms through the crystal (Sebastian & Krishna, 1994). In
the 2H structure, an example of a layer-displacement fault is:

...A B A B CB A B A... ,

where the underlined ML is the faulted layer. Written as spins,
...10101010... becomes...10110010..., the underlined spins
indicating those that have flipped. A layer-displacement fault
in the 2H structure is shown in Fig. 6.

Layer-displacement faults in 3C structures are more difficult
to realize, since each ML is sandwiched between two unlike
MLs and changing its orientation violates the stacking con-
straints. It is therefore necessary for two adjacent MLs to shift.
Consequently, one expects that they are rarer. An example of
layer-displacement in the 3C structure is the following:

. . .A B C A B C B AC A B C AB. . . ,

where the underlined layers are faulted. The spin sequence
changes from. . .1111111. . . to one where three consecu-
tive spins have been flipped to 0:. . . ...1100011. . .. A layer-
displacement fault on the 3C structure is shown in Fig. 7.

These common faulting structures for the 2H and 3C crystals
are given in Table 3 along with the CSCs associated with them.

4.3. ǫ-Machine Decomposition and General Interpretation

The previous discussion has emphasized the important rôle
that CSCs play in reflecting stacking structures—crystalline and
fault. We have found that CSCs directly correspond to crystal
and fault structures. The question then arises, can any arbitrary
r = 3 ǫ-machine be decomposed into crystal and fault struc-
tures? We first note that theonly difference between fault and
crystal structure is the magnitude of thePCSC associated with
each CSC. It seems reasonable, then, to break anǫ-machine into
a sum of CSCs. So we formally write,

E ∼ ∑

i ηi(CSCi) , (24)

whereE is theǫ-machine,νi is the fraction of theǫ-machine that
can be attributed to theith CSC, andCSCi is the ith CSC. The
most general binaryr = 3 ǫ-machine can be specified by eight
variables. It is known, however, that there are 19 CSCs on such
an ǫ-machine (Teubner, 1990). So, unless there is a fortuitous
vanishing of either CSs orǫ-machine transitions, or the imposi-
tion of additional constraints, the decomposition in Eq. (24) is
not unique and therefore of questionable use. We note this sit-
uation is not expected to improve with largerr. The number of
parameters on ther = r l ǫ-machine grows exponentially inr,
while the number of CSCs appears to increase as the exponen-
tial of an exponential inr (Teubner, 1990). Thus, in general, it
is not possible to decompose anǫ-machine into CSCs uniquely.

The main purpose of such a decomposition is to provide intu-
ition into the structure present and possibly insight into the
physical mechanisms that may have led to a particular struc-
ture. In this limited capacity Eq. (24) may be helpful. We stress
that Eq. (24) has no other use than this and certainly cannot be
used to calculate physical quantities. Only the entireǫ-machine
is suitable for such calculations.

How, then do we intuitively understand structure on anǫ-
machine? In one picture—the weak faulting limit—we view the
ǫ-machine as a collection of CSCs. The decomposition given
by Eq. (24), while not unique, may be sensible. In this case, we
have the same interpretation as the FM. However, theǫ-machine
has a broader range of applicability. It can, for instance, accom-
modate more than one crystal structure and detail how the stack-
ing alternates between the two. The FM, to our knowledge,
admits no such multicrystalline structures. Theǫ-machine pro-
vides a more detailed account of multiple faulting structures.
The FM, too, can reflect more than one kind of faulting struc-
ture, but the description is a stochastic one. Theǫ-machine has
no difficulty in reflecting any stacking structures, even closely
spaced faulting structures. Thus, we retain the structuralinter-
pretations of§4.1.2 for the case of weakly faulted structures.

In other circumstances, when a sensible decomposition of
the ǫ-machine into crystal and faulting structures is not possi-
ble, it still gives insight into important stacking sequences and
their spatial relations. Although it is no longer as advantageous
to view theǫ-machine as a collection of CSCs, we note that
stacking sequence probabilities are readily observed on the ǫ-
machine either through direct calculation—theǫ-machine spec-
ifies sequence frequencies of any length—or, more simply for
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shorter sequences, by asymptotic CS probabilities. The likeli-
hood of seeing two sequences in close proximity can be found
by tracing the appropriate path through theǫ-machine. Since
the ǫ-machine is valid forany degree of disorder, we can find
the relative importance of stacking sequences for even heav-
ily faulted crystals or for crystals in which no regular stack-
ing structures exist. The architecture of theǫ-machine—i.e., the
number, arrangement, and connections between the CSs, then
provides an intuitive interpretation for the complexity and orga-
nization of the structure. One sees how the various stacking
structures are related and how one blends into another upon
scanning the crystal.

Thus, in addition to providing a formidable calculational
tool, the ǫ-machine provides a new way of viewing structure
in layered materials; it is not tethered to the assumption of
a parent crystal permeated with weak faults. It gives a gen-
eralized way to view and compare the structure of different
crystals, even when they have different—or no—parent struc-
tures. This should prove especially helpful in understanding
solid-state transformations in layered materials (Varn & Crutch-
field, 2004).

Finally, we note that these are interpretations of convenience,
not necessity. Theǫ-machine is a unique description of the
stacking process, and thus any quantities that depend directly
on a statistical description of the stacking are amenable tocal-
culation.

For those instances where a sensible decomposition of theǫ-
machine is possible—i.e., the weak faulting limits—we employ
Eq. (24) for the limited purpose of providing an intuitive under-
standing of the disordered structure We will callηi either the
fractionof crystal structure or, for weak CSCs, thefault density.
This is, of course, different from thefault probability gener-
ally used in the literature. The fault probability is the frequency,
upon scanning the stacking sequence, that one finds a particular
fault in the sequence.

5. Summary

We offer here a new theoretical framework for the treatment
planar disorder in CPSs, which we callǫMSR. In two compan-
ion papers we demonstrate its application to diffraction spectra
from simulated processes (Varnet al., 2006a) as well diffrac-
tion spectra from single crystal ZnS (Varnet al., 2006b). With
a minimum of assumptions and using only correlation informa-
tion between MLs,ǫMSR infers a statistical description of the
stacking structure—in the form of anǫ-machine. Our descrip-
tion is necessarily statistical, in that we do not find the specific
stacking sequence that gave rise to the diffraction pattern, but
rather a minimal description of the ensemble of stackings that
could have generated the diffraction spectrum. We contend that
this statistical description is the most useful form in which to
express the structure of the crystal. Indeed, could we have found
a specific stacking sequence millions of MLs in length, one still
would search for some way to compress this information into a
useful form. In short, one would want to find itsǫ-machine.
ǫMSR offers a number of significant advantages over pre-

vious spectral inference techniques. (i) There is no need to

assume an underlying crystal structure. Indeed,ǫMSR makes
no assumption at all about what crystal or fault structure may
be present. Unlike competing models,ǫMSR does not impose
a preselected architecture on the model to describe the stack-
ing structure. [Although it is limited to Markov models.] (ii)
ǫMSR isnot limited to structures that contain only weak fault-
ing. That is,ǫMSR can be used to describe the stacking for
any amount and kind of ordered and disordered sequence that
a material may contain. (iii) Thus,ǫMSR can treat crystals that
have more than one crystal or fault structure present. (iv)ǫMSR
uses all of the information in the diffraction spectrum—Bragg
and diffuse—instead of considering only the effect disorder has
on the Bragg peaks alone. (v)ǫMSR defines two figures-of-
merit—β andγ—that can be used to evaluate the error in exper-
imental diffraction spectra. (vi)ǫMSR results in the minimal
and unique statistical expression of the stacking sequence—the
ǫ-machine. (vii) And finally, from the reconstructedǫ-machine,
parameters of physical interest such as the entropy per ML, the
statistical complexity, various length parameters and theaver-
age stacking-fault energy for disordered stacking sequences are
directly calculable (Varnet al., 2006a; Varnet al., 2006b).

We have also examined the structure of theǫ-machine in the
weak faulting limit. We have shown that closed paths on the
reconstructedǫ-machine, the CSCs, correspond to well-known
crystalline and fault structures. Specifically we have shown the
causal architecture associated with growth, deformation and
layer displacement faulting on 2H and 3C crystals.

While we have addressed only CPSs here, the extension to
other layered structures is straightforward. A first theoretical
task in this is to find an expression for the diffracted intensity
in terms of suitable CFs and to relate these CFs to the sequence
distribution [and thence to anǫ-machine]. Significant progress
has already been made in this area (Estevez-Ramset al., 2001a).
While such anǫ-machine may draw from an alphabet larger
than two for more complicated polytypes, such as micas and
kaolins (Varn & Canright, 2001), there are in principle no the-
oretical obstacles to applyingǫMSR to more complicated poly-
typic structures.

Further,ǫMSR applied to polytypism of CPSs shows the kind
of detailed analysis and new insights possible from a computa-
tional mechanics treatment of experimental data. It shouldbe
possible to adaptǫMSR to other physical systems where the
measured signal is in the form of a power spectrum. We expect
that there will continue to be additional applications of compu-
tational mechanics to those areas of physics and crystallography
in which one seeks to detect and analyze structural complexity.

Additionally,ǫMSR also contributes to the machine-learning
side of computational mechanics.ǫMSR is novel, in that we use
a power spectrum to reconstruct theǫ-machine instead of a tem-
poral data sequence, as prior algorithms have. We see this asa
prelude to the question of how one infers anǫ-machine from
general spectral data and are continuing research along these
lines.

There are, however, some limitations toǫMSR, as presented
here. We only attemptedǫ-machine reconstruction up tor = 3.
It has recently been shown that a model for a simple solid
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state transformation from the 2H to the 3C structure in CPSs
results in stacking sequences that imply an infinite memory
length (Varn & Crutchfield, 2004). While in principle one can
attemptǫMSR for anyr, there are computational complexity
difficulties. In the most general case, the number of variables
one needs to solve for is exponential inr, and many of the equa-
tions are nonlinear. More seriously, the maximum number of
terms in any equation grows as an exponential of an exponen-
tial in r. Forr = 3, there were 11 terms in two of the equations.
At r = 4, two of the equations have 171 terms, all of them non-
linear. Forr = 5, this grows to 43690 terms (Varn, 2001). These
terms are all additive, so a fortuitous cancellation is not possi-
ble. It is possible, however, that physical insight into therelative
importance of sequences may allow one to neglect a number of
terms in these equations. We feel that the general case ofr = 4
is tractable, and this is a subject of current research. We also sus-
pect that there are alternative algorithms that will greatly reduce
the computational complexity of finding solutions.

Appendix A
The Spectral Equations

A.1. r = 1

The spectral equations atr = 1 are linear and admit an ana-
lytical solution. Specifically, we write out Eqs. (7), (8), and (9)
for r = 1 and solve them. We find,

P(11) = Qr(2) ,

P(01) =
1
2
[1− Qc(2) − Qr(2)] ,

P(00) = Qc(2) .

A.2. r = 2

Similarly, the spectral equations atr = 2 are linear and also
can be solved analytically. Again, we write out Eqs. (7), (8), and
(9) for r = 2 and solve them. We find,

P(000) = [3Qc(2) − 2Qc(3) − 3Qr(2) − 4Qr(3) + 3]/6 ,

P(001) = [3Qc(2) + 2Qc(3) + 3Qr(2) + 4Qr(3) − 3]/6 ,

P(010) = [−3Qc(2) − 2Qc(3) − 3Qr(2) − Qr(3) + 3]/3 ,

P(011) = [3Qc(2) + 4Qc(3) + 3Qr(2) + 2Qr(3) − 3]/6 ,

P(100) = [3Qc(2) + 2Qc(3) + 3Qr(2) + 4Qr(3) − 3]/6 ,

P(101) = [−3Qc(2) − Qc(3) − 3Qr(2) − 2Qr(3) + 3]/3 ,

P(110) = [3Qc(2) + 4Qc(3) + 3Qr(2) + 2Qr(3) − 3]/6 ,

P(111) = [−3Qc(2) − 4Qc(3) + 3Qr(2) − 2Qr(3) + 3]/6 .

A.3. r = 3

At r = 3, we require 16 relations to constrain the length-
4 binary-sequence probabilities. Now, however, we encounter
nonlinearities, and by necessity the spectral equations are
solved numerically. We write them out here.

At r = 3, Eq. (7) implies the following seven equations.

P(0111) = P(1110) ,

P(0001) = P(1000) ,

P(0011) + P(1011) = P(0111) + P(0110) ,

P(0101) + P(1101) = P(1011) + P(1010) ,

P(0010) + P(1010) = P(0101) + P(0100) ,

P(0001) + P(1001) = P(0011) + P(0010) ,

P(0100) + P(1100) = P(1001) + P(1000) .

Equation (8) provides for normalization, providing one addi-
tional constraint. Finally, the remaining 8 relations by relating
sequence probabilities to CFs as prescribed by Eq. (9). We fur-
ther reduce the last two relations which involve sequence proba-
bilities of length-5 to those of length-4 via relations of the form
given by Eq. (10). We find,

Qc(2) = P(0000) + P(0001) + P(0010) + P(0011) ,

Qr(2) = P(1100) + P(1101) + P(1110) + P(1111) ,

Qc(3) = P(0110) + P(0111) + P(1010) + P(1011)

+P(1100) + P(1101) ,

Qr(3) = P(0010) + P(0011) + P(0100) + P(0101)

+P(1000) + P(1001) ,

Qc(4) = P(1111) + P(1000) + P(0100) + P(0010)

+P(0001) ,

Qr(4) = P(0000) + P(0111) + P(1011) + P(1101)

+P(1110) ,

Qc(5) =
P2(0000)

P(0000) + P(0001)
+

P(0011)P(0111)
P(0111) + P(0110)

+
P(0101)P(1011)

P(1011) + P(1010)
+

P(0110)P(1101)
P(1101) + P(1100)

+
P(0111)P(1110)

P(1110) + P(1111)
+

P(1001)P(0011)
P(0011) + P(0010)

+
P(1010)P(0101)

P(0101) + P(0100)
+

P(1011)P(0110)
P(0110) + P(0111)

+
P(1100)P(1001)

P(1001) + P(1000)
+

P(1101)P(1010)
P(1010) + P(1011)

+
P(1110)P(1100)

P(1100) + P(1101)
,

Qr(5) =
P2(1111)

P(1111) + P(1110)
+

P(1100)P(1000)
P(1000) + P(1001)

+
P(1010)P(0100)

P(0100) + P(0101)
+

P(1001)P(0010)
P(0010) + P(0011)

+
P(1000)P(0001)

P(0001) + P(0000)
+

P(0110)P(1100)
P(1100) + P(1101)

+
P(0101)P(1010)

P(1010) + P(1011)
+

P(0100)P(1001)
P(1001) + P(1000)

+
P(0011)P(0110)

P(0110) + P(0111)
+

P(0010)P(0101)
P(0101) + P(0100)

+
P(0001)P(0011)

P(0011) + P(0010)
.
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Table 1
TheǫMSR algorithm. Hereωr signifies the set of length-r sequences.

1. Find the CFs from the diffraction spectrum.
1a. Correct the spectrum for any experimental factors.
1b. Calculate the figures-of-merit (§3.6) over possible

l-intervals to find an interval suitable forǫ-machine
reconstruction.

1c. Find the CFs over this interval.
1d. Estimate the spectral errorRerr from the

diffraction spectrum.
2. Estimate stacking distribution P(ωr ) from CFs.

2a. Setr = 1.
2b. Solve the spectral equations for P(ωr).

3. Reconstruct theǫ-machine from the P(ωr ).
3a. Label candidate CSs by their length-r histories.
3b. Estimate transition probabilities between states

from sequence probabilities.
3c. Merge histories with equivalent futures to form

CSs.
4. Generate CFs and diffraction spectrum from the

ǫ-machine.
5. Calculate the errorΓ(r) = |R −Rerr | between

the original andǫ-machine spectra:
5a. If Γ(r) ≥ Γ, replacer with r + 1 and go to step 2b;
5b. Otherwise, stop.

Table 2
The 19 CSCs on anr = 3 ǫ-machine. In the first column, we give the CSC

and in the second we show the stacking sequence in the Hägg notation implied
by this CSC. If these CSCs are strongly represented on theǫ-machine, then we
can interpret them as crystal structure. The correspondingcrystal structures are
shown in the third column in the Ramsdell notation. Some CSCscome in pairs
related by spin-inversion symmetry, (Varn & Canright, 2001) i.e. [S0] and [S7]
are both 3C structure, differing only in chirality. In caseswhere the Ramsdell
notation is identical for different structures, we have attached a subscript to
distinguish them. We list the period-8 hexagonal structures with a subscript to
differentiate them from the more common 8H structure (00001111). One must
performǫMSR atr = 4 to discover this latter 8H structure.

[S0] (0)∗ 3C
[S7] (1)∗ 3C
[S2S5] (01)∗ 2H
[S1S3S6S4] (0011)∗ 4H
[S1S3S7S6S4S0] (000111)∗ 6H
[S5S2S4S1S3S7] (001101)∗ 6Ha

[S2S5S3S7S4S1] (110010)∗ 6Ha

[S5S2S4S0S1S3S7S6] (00011101)∗ 8Ha

[S2S5S3S7S6S4S0S1] (11100010)∗ 8Ha

[S3S6S5] (011)∗ 9R
[S4S1S2] (100)∗ 9R
[S7S6S5S3] (0111)∗ 12R
[S0S1S2S4] (1000)∗ 12R
[S3S6S4S0S1] (00011)∗ 15R
[S4S1S3S7S6] (11100)∗ 15R
[S5S2S4S0S1S3S6] (0001101)∗ 21Ra

[S2S5S3S7S6S4S1] (1110010)∗ 21Ra

[S3S6S4S0S1S2S5] (0001011)∗ 21Rb

[S4S1S3S7S6S5S2] (1110100)∗ 21Rb
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Table 3
The more common fault structures for the 2H and 3C structureson anr = 3 ǫ-
machine. We make the following interpretation: If there is one parent structure
(2H or 3C) that is strongly represented and a single additional CSC is associated
with it as shown above, then we say that that crystal has the structure of the par-
ent crystal with a certain amount of the given faulting. We should be clear here,
however, not to confuse structure with mechanism. In this interpretation, the
ǫ-machine gives the structure that a crystal would haveif it experienced a small
amount of the faulting given. Structure does not necessarily imply mechanism.

2H Growth fault S5S3S6

S2S4S1

Deformation fault S5S3S7S6

S2S4S0S1

Layer-displacement fault S5S3S6S4S1S2

S2S4S1S3S6S5

3C Growth fault S7S6S4S0

S0S1S3S7

Deformation fault S7S6S5S3

S0S1S2S4

Layer-displacement fault S7S6S4S0S1S3

S0S1S3S7S6S4

0 | 1-p6

1 | p6

S6
(Pr(    ))S6

1 
| p

7

0 | 1-p7

S7
(Pr(    ))S7

0 | 1-p5

1 | p5

S5
(Pr(    ))S5

0 
| 1

-p
3

1 | p3

S3
(Pr(    ))S3

0 | 1-p4

1 
| p

4

S4
(Pr(    ))S4

0 | 1-p0

S0
(Pr(    ))S0

1 | p0

1 | p1

0 | 1-p1
S1

(Pr(    ))S1

1 | p2

0 | 1-p2

S2
(Pr(    ))S2

Figure 1
The most generalr = 3 ǫ-machine. We show only the recurrent portion of the
ǫ-machine, as the transient part is not physically relevant (at this stage). The
CSs are labeled by the last three spins seen,i.e. S5 means that 101 were the last
three spins seen. The numbers in parentheses are the asymptotic CS probabili-
ties. The edge labels|p indicates a transition on spinswith probability p.

1 | 1

S6
(Pr(    ))S6

0 | 1-a

1 | a

S5
(Pr(    ))S50 

| 1

S3
(Pr(    ))S3

1 
| 1

S4
(Pr(    ))S4

0 | 1

S1
(Pr(    ))S1

1 | 1-b

0 | b

S2
(Pr(    ))S2

Figure 2
Growth faults for the 2H structure as they appear on ar = 3 ǫ-machine for
small faulting probabilitiesa andb. [S2S5] is the 2H structure and [S5S3S6]
and [S2S4S1] give the faulting. This interpretation is only valid for small fault-
ing probabilities.

0 | 1S6
(Pr(    ))S6

1 
| 1

-a

0 | a

S7
(Pr(    ))S7

1 | 1

S3
(Pr(    ))S3

0 | 1

S4
(Pr(    ))S4

0 | 1-b

S0
(Pr(    ))S0

1 | b

1 | 1

S1
(Pr(    ))S1

Figure 3
Growth faults for the 3C structure on ar = 3 ǫ-machine with small faulting
probabilitiesa andb. [S7] and [S0] give the twinned 3C structure, while the
pathsS7S6S4S0 andS0S1S3S7 give the faulting. Here we have an example of
a faulting structure that induces a transition between two crystal structures.

1 | 1

S6
(Pr(    ))S6

0 | 1

S7
(Pr(    ))S7

0 | 1-a

1 | a

S5
(Pr(    ))S5

1 | 1

S3
(Pr(    ))S3

0 | 1

S4
(Pr(    ))S4

S0
(Pr(    ))S0

1 | 10 | 1

S1
(Pr(    ))S1

1 | 1-b

0 | b

S2
(Pr(    ))S2

Figure 4
Deformation faulting for the 2H structure on ar = 3 ǫ-machine for small
fault probabilitiesa and b. [S2S5] is the 2H structure and [S5S3S7S6] and
[S2S4S0S1] give the faulting structure. A deformation fault is represented by a
single spin flip.

1 | 1

S6
(Pr(    ))S6

1 
| 1

-a

0 | a

S7
(Pr(    ))S7

1 | 1

S5
(Pr(    ))S5

1 | 1

S3
(Pr(    ))S3

0 | 1

S4
(Pr(    ))S4

0 | 1-b

S0
(Pr(    ))S0

1 | b0 | 1

S1
(Pr(    ))S1

0 | 1

S2
(Pr(    ))S2

Figure 5
The two possibleǫ-machines for deformation faulting in the 3C structure with
small faulting probabilitiesa andb. There are twoǫ-machines, one for faulting
from each of the 3C structures, [S7] and [S0]. They are disconnected, and hence
faulting in the 3C structure of one chirality cannot cause the crystal to switch to
another chirality. Hence this faulting mechanism does not cause twinning.
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0 | 1S6
(Pr(    ))S6

0 | 1-a

1 | a

S5
(Pr(    ))S50 

| 1

S3
(Pr(    ))S3

1 
| 1

S4
(Pr(    ))S4

0 | 1

S1
(Pr(    ))S1

1 | 1

S2
(Pr(    ))S2

Figure 6
Layer-displacement faults for the 2H structure on ar = 3 ǫ-machine with small
faulting probabilitya. Here, for the sake of clarity, we show only faulting initi-
ating fromS5, although a similar faulting structure can begin fromS2.

0 | 1S6
(Pr(    ))S6

1 
| 1

-a

0 | a

S7
(Pr(    ))S7

1 | 1

S3
(Pr(    ))S3

0 | 1

S4
(Pr(    ))S4

S0
(Pr(    ))S0

1 | 1

1 | 1

S1
(Pr(    ))S1

Figure 7
Layer-displacement faults for the 3C structure on ar = 3 ǫ-machine with small
faulting probabilitya. Again, we show only faulting fromS7, corresponding to
the ...1111... spin sequence. A similar fault structure could be drawn for fault-
ing fromS0. A layer-displacement fault for the 3C structure is achieved by three
consecutive spin flips. The difference between the fault structure here and that
of a growth fault for the 3C structure is that growth faults produce twinning,
whereas here the fault returns to the original crystal structure.
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